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Abstract

Much of earnings inequality results from the inequality of skill formation: children of
low socioeconomic status acquire less schooling than equally talented children of better-off
parents. In modern technology-intensive economies, channeling high-quality education to
talented individuals and matching them to highly productive jobs is crucial for economic
growth, social mobility, and earnings inequality. This paper studies a signaling equilibrium
in which education is a costly signal of unobserved cognitive ability and the cost of school-
ing falls with both ability and parental schooling. The equilibrium wage schedule solves
a nonlinear first-order ODE written in terms of a general cost index. The ODE character-
izes equilibrium exactly, including the concavity of the wage schedule, and its local well-
posedness holds under a monotone-posterior condition (implied by log-concavity when the
cost index is separable). For log-normal economies, equilibrium distributions, Gini coef-
ficients, intergenerational dynamics, and the stationary distribution are derived in closed
form by Gaussian conditioning. Relative to full information, signaling compresses the dis-
persion of log schooling and log wages by exactly the variance of ability that schooling
fails to reveal, but raises the intergenerational elasticity of schooling. For economies with
a finite number of ability and schooling types, schooling depends on agents only through a
cost index; the pure-strategy equilibria of a two-type economy are fully characterized, mo-
bility and talent utilization differ across Pareto-ranked equilibria, and Perron—Frobenius
theory characterizes the long-run distribution.

Short summary: The paper studies earnings inequality, social mobility, and economic
growth in a signaling equilibrium framework, with policy implications for the labor market
and education system.
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1 Introduction

The growing income inequality has been a major concern for economists and policy makers
around the world. Many factors are responsible for the observed burgeoning income inequal-
ity, such as capital outflow, relocation of jobs, declining labor union power, poor regulation
of financial institutions, corruption, and all-encompassing globalization (Piketty 2014; Stiglitz
2015; Bourguignon 2015). In most economies, incomes of the bottom 99 percent come mainly
from earnings, and much of the inequality in earnings results from the inequality of skill forma-
tion (Acemoglu and Autor 2011; Autor 2014).

A growing consensus has emerged among educators, researchers in sociology, psychology, and
education (see, e.g., Schweinhart et al. 1993; Barnett 1995; Entwisle 1995; Reynolds et al.
2001, 2018) and economists (see, e.g., Keane and Wolpin 1997; Heckman 2000; Currie 2001,
2011; Raut 2003, 2018; Cunha and Heckman 2007; Maluccio et al. 2009; Duncan et al. 2010;
Heckman et al. 2010; Currie and Almond 2011; Heckman and Raut 2013, 2016; Garci[]?a et
al. 2016) that children of poor socioeconomic status (SES) are not prepared for college because
they were not prepared for school to begin with. The most effective intervention for children of
poor SES is therefore introduced at the preschool stage.

Much of the research in the last century focused on cognitive skills as the main determinant
of socioeconomic behaviors, school performance, and labor market outcomes. An influential
but controversial line of research argues that poor parents have poor cognitive abilities and that
is why they are poor; children of poor SES inherit poor cognitive abilities from their parents;
thus very little can be done to improve the cognitive skills of disadvantaged children, and hence
their school performance and labor market outcomes—see Herrnstein and Murray (1994) and
other references in Plomin and Deary (2015). This view has been challenged on statistical and
biological grounds (Heckman 2006; Cunha et al. 2010; Noble et al. 2015), and the evidence
shows that non-cognitive skills matter as much as cognitive skills for labor market outcomes
(Heckman et al. 2006; Heckman and Raut 2016; Raut 2018).

It is the interplay of personality, emotion, and cognition that determines most socioeconomic
behaviors. A branch of the psychology literature argues and empirically validates that emotional
intelligence is an important factor in socioeconomic decisions and behaviors—not cognitive
intelligence alone. The concept most relevant to our context is quoted from Mayer et al. (2004):
“[Emotional Intelligence is the] capacity to reason about emotions, and of emotions to enhance
thinking.” Measures based on various definitions of emotional intelligence are highly correlated
with each other and each explains many socioeconomic behaviors independent of cognitive
skills (see Heckman and Raut 2016; Chakrabarti and Chatterjea 2017; Raut 2018).

Where are cognitive and non-cognitive skills produced? The work of Bowlby (1982) argues
that affect dysregulation beginning immediately after birth can have long-lasting effects on
emotional development, and NICHD Early Child Care Research Network (2004) found lon-
gitudinal evidence for such mechanisms. A rapidly growing biological literature focuses on
genetic and epigenetic mechanisms of personality, emotion, and cognitive development. For



instance, stress of various kinds can affect epigenetic reprogramming of the plasticity of various
parts of the brain (see Champagne et al. 2008; Gluckman et al. 2008; McEwen and Gianaros
2011). A large-scale neurological study by Noble et al. (2015) found that family income signif-
icantly affects children’s brain size, particularly the surface area of the cerebral cortex that does
most cognitive processing.

In modern technology-intensive economies, channeling high-quality education to talented indi-
viduals and matching them to highly productive technical jobs is crucial for economic growth,
social mobility, and earnings inequality. Individuals know their own abilities but employers
do not observe them, so education serves as a costly signal of ability (Spence 1973; Arrow
1973; Stiglitz 1975; Raut 2005). Because children of poor SES face higher costs of acquiring
education, the signal is contaminated by family background: schooling reflects not only talent
but also the cost disadvantage associated with parental schooling. This paper studies the conse-
quences of this mechanism for earnings inequality, social mobility, and growth in a signaling-
equilibrium model that adapts the asymmetric information frameworks of Spence (1974) and
Stiglitz (1975).

Relation to the literature. The model belongs to the class of Spence-type signaling models
with a continuum of types, whose separating equilibria are characterized by a differential equa-
tion for the wage schedule (Riley 1979, 2001; Mailath 1987; Mailath and Thadden 2013). It
differs in a respect that matters for inequality: agents differ in two dimensions, ability and
parental schooling (which shifts the cost of schooling), so that schooling is only a noisy signal
of ability (compare Quinzii and Rochet 1985). The intergenerational structure links the model
to the literature on family background and mobility (Becker and Tomes 1979; Raut 1990, 2005;
Solon 1992; Corak 2013; Chetty et al. 2014), and the self-fulfilling role of employers’ be-
liefs is related to models of statistical discrimination (Coate and Loury 1993; Lang and Manove
2011). I do not take a stand in the debate between human-capital and signaling interpretations of
schooling (Weiss 1995); the point is that, whatever its share, the signaling component transmits
inequality in parental schooling (family background) into the wage structure.

Contributions. (i) I show that the equilibrium wage schedule solves an explicit first-order ODE
written in terms of a general cost index; the ODE characterizes equilibrium exactly, including
the concavity of the wage schedule, and is locally well posed under a monotone-posterior con-
dition. When the cost index is separable in ability and parental schooling, the condition follows
from log-concavity of the background component, via Efron’s monotonicity theorem (Efron
1965) (Section 3). (ii) For log-normal economies, I obtain the equilibrium in closed form, to-
gether with equilibrium schooling and wage distributions, Gini coefficients, intergenerational
dynamics, and the stationary distribution, using Gaussian conditioning (Section 4). Relative
to full information, signaling compresses the dispersion of log schooling and log wages by ex-
actly 02/ (1— p)? but raises the intergenerational elasticity of schooling by the factor 1+ . (iii)
For economies with finitely many types, I show that schooling depends on agents only through
the cost index, characterize background-pooling and separating equilibria, fully characterize
the pure-strategy equilibria of a two-type economy (which has Pareto-ranked equilibria with



different mobility and growth), and use Markov-chain theory for long-run mobility and talent
utilization (Section 5). (iv) I show that a modest reduction in the cost disadvantage faced by
children of low-schooling parents—plausibly achieved through early childhood development
programs—converts the temporary mobility of the mobile equilibrium into a permanent one,
raising both social mobility and economic growth (Proposition 5.4).

Roadmap. Section 2 specifies the economy and defines equilibrium, so that every later result
is a statement about a precisely described model. Section 3 reduces the equilibrium to an ODE,
to learn what an equilibrium looks like in general and when it exists. Section 4 specializes to
log-normal distributions to obtain explicit answers about inequality and mobility. Section 5 con-
siders finitely many types, to study discrete phenomena (pooling, multiple equilibria, temporary
versus permanent mobility) that the smooth model cannot display. Section 6 concludes.

2 The Basic Model

Time is discrete. The economy consists of successive generations of agents and a continuum of
risk-neutral, competitive producers. Each agent lives for one adult period, and a child is born
to each adult; the child becomes an adult in the next period. Index by ¢ the period in which an
agent is an adult. Denote by 7, € ¥ = (0, co) the agent’s cognitive ability, which affects both
workplace productivity and learning in school (a higher number denotes greater ability), and by
s; € £ = (0,00) the agent’s schooling level, which is observed by employers. The schooling
level of the agent’s parent is s,_;. Throughout, family background or simply background means
the schooling s,_; of the agent’s parent. The notation is summarized in Table 1.

Table 1: Notation.

Symbol Meaning

T;y Sy Si_ ability, schooling, and parental schooling of a period-r adult

e(s, T) productivity of an agent with schooling s and ability

0(s,t,s") cost of schooling s for ability T and parental schooling s’

0,(s), K(t,s") schooling component and cost index of the cost function ( Eq. (4))
x=K(t,s") value of the cost index; u = In x

m(s,u), H(s,w)

expected productivity given the log cost index; right-hand side of
the ODE ( Eq. (5), Eq. (6))

b wage elasticity of schooling, (p + B)/(1 + B) (Section 3.3)
w,(s), q;(e|s) wage schedule and employers’ belief in period ¢

s, (t,s") optimal schooling rule in period ¢

g(t), m, density of ability; distribution of schooling in period ¢

P, transition kernel (matrix in the finite case)

WyrO2 log-mean and log-variance of ability

2 . 2
Hst505 15 Hy,ts Oyt

a,y,p

log-mean and log-variance of schooling; of wages
cost elasticities w.r.t. ability and parental schooling; productivity
elasticity of schooling



Symbol Meaning

B, 62, D Gaussian-conditioning coefficient, residual variance, and scale;
functions of the parental distribution ( Eq. (12))

G Gini coefficient

8i» Miyps Cjs Kik finite-type analogues (Section 5)

Given schooling s and ability 7, the agent’s productivity is e(s, T), and the cost of obtaining
schooling s is 0 (s, T,s”), where s” is parental schooling.l The ability of a child born to a parent
of ability 7,_; and schooling s,_; is drawn from a distribution with density g(7) that does not
depend on 7,_; ors, ;.

All individuals have the linear utility function u(c;) = c¢,;, where ¢, is the consumption of an
adult in period z.> An adult of period ¢ with ability T and parental schooling s takes the wage
schedule w, (-) as given and chooses schooling by solving

s, (t,5) € argné%}[w,(s) -0(s,t,5")]. (1)

Employers cannot observe ability, so they pay each schooling level the expected productivity of
the workers found there. This is where information is asymmetric, and it is why beliefs matter
for equilibrium.

The production sector is competitive. The producer observes the schooling level s of a worker
but not his ability T. The employer holds a belief about productivity e(s, T) given s, represented
by the conditional distribution ¢, (e | s). Perfect competition and expected-profit maximization

imply

w,(s) = feqt(e | s) de. (2)

There is no affirmative action in hiring: workers with the same schooling level are treated
identically regardless of family background.

IThe assumption that @ varies with T is necessary for education to act as a signal for talent; see Stiglitz (1975),
Spence (1973), or Kreps (1990).

2The assumption of independence is a simplification. Estimates of the intergenerational correlation of cognitive
ability are positive and substantial (Plomin and Deary 2015); a positive correlation would strengthen the persistence
results below because it adds a second channel of transmission.

3This abstracts away from risk-sharing between employers and workers.



The economy begins in period r = 1 with parental schooling distributed as 7. The optimal
choices s, = ¢,(7;,s,_1) determine the transition probabilities

P(Als') = [14(5,(1.5") g(1) d,

and the distribution s7,(A) = Pr(s, € A) of schooling satisfies

m(A) = [PUALS) 7,1 (ds). (3)

Definition 2.1 (Signaling Equilibrium). Given an initial distribution s, a signaling equi-
librium is a sequence of beliefs {g,(- | s)},>; and schooling rules {g,},>; such that, in every
period ¢ > 1:
1. (Wages) the wage schedule w;, is given by Eq. (2);
2. (Optimality) 5,(t,s") solves Eq. (1) for every (7,s’); and
3. (Bayes consistency) for every schooling level s in the support of i,, g,(- | s) is the
conditional distribution of e(s, T,) given s, = ¢,(t;,5,_1) = s, where (t;,5,_1) ~
g ® m,_; and s, is given by Eq. (3). Off the support, beliefs are unrestricted.

Definition 2.1 describes a signalling equilibrium as a fixed point in each time period t: A com-
petitive producer holds subjective belief g(e,|s,) and announces the wage schedule w;,(s,) as
in Eq. (2) (cf. wages condition); Given w,(s,), each worker (,,s,_;) decides his optimal ed-
ucation level ¢,(7,,s,_1) solving Eq. (1) (cf. Optimality condition). Given the distributions
g(t,) and i,_1(s,_;), the optimal schooling decision s, = ¢,(7;,s,_1) induces a joint distri-
bution of (s, T,); which induces a conditional distribution of 7, given s,. This conditional
distribution together with the productivity function e, = e (s,, T,) produces the observed dis-
tribution of productivity levels g, (els,) for each level of s, chosen by some agent. Denoting it
as g, (els;) = ®(q,(els;)). A signaling equilibrium is the fixed point of the map &, i.e., the an-
ticipated distribution coincides with the observed distribution, (g, (e,ls;) = ¢, (e,ls;) (cf. Bayes

consistency condition).

Note that the equilibrium of period ¢ depends on the past only through s,_;.

I impose a structural restriction to keep the model tractable: the cost of schooling is a product of
a schooling component and a cost index summarizing all agent-specific factors influencing cost.
The restriction implies that agents sort by the cost index, so that employers can infer only the
cost index from schooling, and ability and family background are confounded. It also defines
the class of regular equilibria studied in the rest of the paper.



Assumption A1 (Technology and costs). (i) The cost of schooling factors into a schooling

component and a cost index,

O(s,t,s") =0,(s)K(7,s), 4)

where 6, € C2(#) with 0’1 >0and 0,(0") =0,and K : ¥ x ¥ — (0,0) is C!, strictly
decreasing in 7, and nonincreasing in s”. (ii) The productivity function e € C!(# x J)
is positive, strictly increasing in , and nondecreasing in s.

Write x = K(t,s”) for the agent’s cost index and u = Inx. A higher ability or higher parental
schooling lowers #; the background disadvantage of a child is the amount by which her index
exceeds that of an equally able child of high-schooling parents. Under A1l the marginal cost
of schooling is 0 (s) 1, so the single-crossing (Spence—Mirrlees) condition holds automatically,
0 [0’1 (s)x]/dt < 0 (see Milgrom and Shannon 1994 for the role of this condition in monotone
comparative statics). The cost index is a general function of ability and parental schooling;
I impose the product form K = 6,(7)05(s") only where it is needed (Lemma 3.1 and the
examples of Section 4 and Section 5). I restrict attention to equilibria in which the wage schedule

gives every agent a unique interior optimum.

Definition 2.2 (Regular Equilibrium). A signaling equilibrium is regular in period t if w, €
Cl(#),w, > 0, and the function

wy(s)
0’ (s)

u,(s) = In

is strictly decreasing with range R.

From here on I fix a period and suppress the index ¢ on w;, u,, and g,. When 6 is convex, strict
concavity of w implies that u is strictly decreasing, because (w'/07)" = (w” 07 -w'07)/07% < 0;
when 6, (s) = s, regularity means that w is strictly concave with w’(0%) = co and w’(c0) = 0.

Lemma 2.1 (Optimal Schooling and Sorting by the Cost Index). Under A1, let w be regular.

Then every agent has a unique optimal schooling level,

s(t,s') =u Y (InK(7,s)),

the solution of the first-order condition w’(s)/07(s) = «. The rule ¢ depends on (t,s’)
only through wx and is strictly decreasing in ix; hence it is strictly increasing in t (and

nondecreasing in s’ ). Agents with the same cost index make the same choice.

Proof. The derivative of the objective w(s) — 6 (s)x is 07 (s)[e**) — x]. Since u is strictly
decreasing with range R, this derivative is positive for s < u~!(Inx) and negative for s >
u~'(Inx), so u=!(Inx) is the unique global maximizer. It is strictly decreasing in % because
u~! is strictly decreasing. [ |



Figure 1 illustrates the iso-schooling curves {(s’,t) : K(7,s’) = i} in the (s,_;, T,) plane.
A higher schooling level corresponds to a lower cost index, hence to a curve farther from the
origin. Along a curve, a child of low ability and rich parents makes the same choice as a child
of high ability and poor parents; the market therefore cannot tell them apart.

Tt A
st >3
(7, 8') = st
- G(7,8')=s
0 St—1

Figure 1: Iso-schooling curves {(s’,T) : g,(t,s’) = s} in the (s,_;, T,) plane. For s’ > s
the iso-schooling curve for s lies northeast of the curve for s: higher ability or better family
background raises equilibrium schooling. Agents on the same curve are pooled by the market.

Remark 2.1 (Endogenous Parental Investment). In the model, parental schooling s,_; shifts
costs exogenously. Parents who care about their children may instead invest in pre-school hu-
man capital and thereby choose the cost parameter; this makes the background effect (the pa-
rameter y of Section 4) endogenous and would permit a welfare evaluation of public pre-school
subsidies. A framework for a stationary Markov perfect signaling equilibrium with parental in-
vestment is given in Raut (2005, sec. 6). This could be further extended in the spirit of Heckman
and Raut (2016), which is left for future work. A related extension would make the joint distribu-
tion of (t,,s,_;) the outcome of the epigenetic and neurodevelopmental mechanisms surveyed
in Section 1.

3 Equilibrium Characterization: An ODE for the Wage
Schedule

A fixed point of the kind in Definition 2.1 and its elaboration in the text below the definition is
hard to analyze directly. This section shows that, under A1, the fixed-point problem collapses
to a single first-order ordinary differential equation (ODE) for the wage schedule, and it states
exactly when a solution of that ODE is an equilibrium and a regularity condition (Definition 2.2)
selects an equilibrium among the one-parameter family of solutions of the ODE. A period is
fixed throughout the section and the index ¢ is suppressed.



Employers do not observe ability; at schooling level s, they see a pool of workers. By
Lemma 2.1, the schooling choice depends on a worker only through the cost index x = K(7,s’),
so all that the market can learn from s is the value of x. What matters for wages is therefore
the posterior distribution of ability given the cost index. This subsection defines the expected
productivity implied by the posterior and states its core property—monotonicity—upon which
the rest of the section rests.

Let U = InK(7,,s,_;) be the log cost index of a randomly drawn adult. Fors € ¥ andu € R,
let

m(s,u) = Ele(s,t,) | U = u] (5)

be the expected productivity of a worker with schooling s whose log cost index is u: it is the
wage that competitive employers would pay at schooling level s if they knew that the workers
choosing s have log cost index u. For fixed s, write m(s, R) = {m(s,u) : u € R} for the set of
values taken by m(s, -); that is, the set of all wages at s that are consistent with some value of
the cost index. If m(s,-) is continuous and strictly decreasing (as assumed below), m(s, R) is
the open interval whose endpoints are the limits of m(s, u) as u - +co.

Assumption A2 (Posterior mean). U has a strictly positive density, the conditional dis-
tribution of 7, given U = u has a density A(- | u), and m(s, u) is finite and Clon £ xR
with d,m < 0.

The sign condition is natural: a higher cost index signals lower ability, hence lower expected
productivity. The next lemma shows that, when the cost index is separable in ability and parental
schooling, the sign condition follows from log-concavity of the background component; this is
the only place where separability of K is used in the general theory.

Lemma 3.1 (Separable Cost Index). Let K (t,s") = 0,(t)05(s") with 0, strictly decreasing,
let T, (density g) and s,_, be independent, and suppose n = In5(s,_,) has a C' density
[y that is strictly positive and strictly log-concave on R. Then U = In6,(7,) + 1 has the
positive density fy; (u) = f g(z’)f,7 (u—InbO,(t))dt, the posterior density is

—In6
he ) g(r)fn(;;(u)n (7).

the likelihood ratio h(t | u’)/h(t | u) is strictly decreasing in T whenever u < u’, and

u — m(s,u) is strictly decreasing for every s.

Proof. Fix u < u’ and write a(t) = In6,(7), strictly decreasing in T. The derivative of
In[f, (u" — a)/f, (u — a)] with respect to a is (Inf,)"(u — a) — (Inf,)" (1" — a) > 0 by strict
log-concavity, so A(t | u”) /h(7 | u) is strictly decreasing in 7. Hence h(- | u”) — h(- | u), which



integrates to zero, is positive to the left and negative to the right of some t°, and
m(s,u’) —m(s,u) = f[e(s, T)—e(s, t°)]|[h(t |u') — h(T |u)]dT <0,

because the integrand is nonpositive and negative on a set of positive measure (e is strictly
increasing in ). n

The heart of the proof is a monotone likelihood ratio (MLR) property of the posterior: when the
cost index rises (u to u”), it doesn’t just lower average ability—it shifts the entire probability
distribution toward lower abilities. High ability levels become strictly less likely relative to
lower ones. The property comes from the log-concavity of the density of the family background
component 7. This shape assumption prevents the distribution from having multiple “bumps,”
ensuring a higher cost index cannot be explained by two completely different extremes (e.g.,
very high vs. very low ability). A classical result of Efron (1965) (the conditional expectation
of an increasing function of one of two independent log-concave variables, given their sum, is
increasing in the sum) is the best-known statement of this fact; here only log-concavity of f;, is
needed because the kernel f, (u — a) is then totally positive of order two (see also Karlin and

Rubin 1956).

MLR is what makes m (s, -) strictly decreasing, so that a higher cost index means lower expected
productivity at every schooling level. Hence, for a given (s, w) there is at most one cost index
u with m(s,u) = w; the function & defined below is well defined, and the equilibrium condition
becomes an ODE with an explicit right-hand side (Theorem 3.1). Without monotonicity, the
same wage at s could be rationalized by several different pools of workers, and the equilibrium
would not be characterized by a single ODE.

This subsection states exactly when a candidate wage schedule is an equilibrium wage schedule.
For (s,w) with w € m(s, R), let éi(s, w) be the unique solution u of m(s,u) = w, and define

D ={(s,w): s€ L, wem(s,R)},

_ _ (6)
H(s,w) = 0] (s) exp{ii(s,w)}.

The set & collects the pairs (schooling level, wage) that employers could rationally announce:
(s,w) € D if there is a cost index at which the expected productivity of the workers choosing
s 1s exactly w. (s, w) is that cost index (in logs): the characteristic of the workers who must
be found at s if the wage paid at s is w. H (s, w) is the slope that the wage schedule must have
at (s, w): by the first-order condition of the workers’ problem, the slope of the wage schedule
equals their marginal cost of schooling, H’l ($)xc = 9] (s)e™sw) So H (s, w) answers the question
“if the wage at s is w, how steeply must wages rise at s so that the workers who are there find it

optimal to be there?”

10



Example 3.1 (Reading the Admissible Set and the Required Slope: An Example). Let 64 (s) = s,
e(s,T) = sPt,and K = 7%, with p = % and @ = 1. Then T = ¢ and m(s,u) = s'/2e7 ",
which takes every positive value as u ranges over R: m(s,R) = (0,00),s0 & = £ x (0, c0),
i(s,w) = —In(w/s'/?), and H(s,w) = s'/2/w.

Theorem 3.1 (Equilibrium Wage Schedule as the Solution of an ODE). Assume A1 and A2.
Let w € C1(#) withw’ > 0 be such that u(s) = In[w’(s)/07 (s)] is strictly decreasing with
range R. Then:

(i) Characterization. w is the wage schedule of a regular signaling equilibrium if and

only if it solves
w'(s) = H(s,w(s)), (s,w(s)) € D, sE P, @)

that is, if and only if w(s) = m(s,u(s)). the wage at s equals the expected productivity
of the workers who choose s.

(ii) Second-order condition and concavity. Every solution is C?, and w”(s) <
0 (s) w'(s)/6(s) for all s, with strict inequality except on a set with empty interior;
this is the second-order condition of every agents schooling problem. In particular,
w is strictly concave whenever 07 < 0, for example when 0 (s) = s.

(iii) Local uniqueness. The domain P is open and H € C' (D). Through every point of 9
passes exactly one maximal solution of Eq. (7), and distinct maximal solutions never
intersect. Hence a regular equilibrium wage schedule is determined by any single one

of its points.

Proof. Step 1: conditioning on schooling is conditioning on the cost index. Since u is a strictly
decreasing homeomorphism of ¥ onto R, Lemma 2.1 gives the unique optimal choice ¢ =
ul(nK(t,s")). Hence, for every s, the event {s, = s} coincides with {U = u(s)}. Because
U has full support, every s is chosen by a positive mass of agents, so Bayes consistency pins
down the belief at every s: g(- | s) is the law of e(s, T,) given U = u(s).

Step 2: (i). By Eq. (2), the wage consistent with these beliefs is m (s, u(s)). Hence w is the wage
schedule of a regular equilibrium if and only if w(s) = m(s, u(s)) for all s (for the “if” direction,
define the beliefs of Step 1; they are Bayes-consistent and reproduce w). By A2, m(s,-) is a
continuous strictly decreasing bijection of R onto m(s, R), so w(s) = m(s,u(s)) holds if and
only if (s,w(s)) € D and u(s) = i(s,w(s)), that is, w’(s) = 0’ (s)e* W) = H (s, w(s)).

Step 3: (ii). Once the ODE holds, w’(s) = H(s,w(s)) with H € C! (Step 4) shows w € C2.
Differentiating w’ = 07e" gives w” = e (0] + 07 u’), sow” — 07w’ /67 = 07e"u’. Since u is
strictly decreasing, #” < 0 and «” vanishes on no interval, which gives the inequality. The left
side equals w” — 07 at 1« = ¢, the second derivative of the agent’s objective w(s) — 6 (s)x
at the optimum. If 87 < 0, then w” = e“(07 + 07u’) < 0, with strict inequality except on a set
with empty interior, so w is strictly concave.

Step 4: (iii). By A2, T'(s,u) = (s,m(s,u)) is an injective C! map with Jacobian determinant

11



d,m # 0. By the inverse function theorem, I" is a C! diffeomorphism onto the open set J,
with inverse (s, w) — (s, i(s,w)). Hence ii € C1(P) and H € C! (D) because 0] € C!. A C!
right-hand side is locally Lipschitz, so the Picard—Lindel”of theorem (Coddington and Levinson
1955, chap. 1; Hartman 2002, II) gives a unique maximal solution through each point of &, and
two maximal solutions with a common point coincide. A regular wage schedule is defined on
all of %, hence is the maximal solution through any of its points. |

An equilibrium wage schedule is exactly a solution of one first-order ODE that is defined for all
schooling levels and satisfies the regularity requirement that marginal cost fall with schooling.
Two further facts come with it: concavity of wages is implied, not assumed (when 6 is linear
or concave), and the equilibrium is pinned down by a single point, so the family of candidate
equilibria is one-dimensional. What the theorem does not say is that a regular solution always
exists: it reduces that question to whether some member of the one-parameter family of solu-
tions is defined on all of ¥ and has the regularity property. Subsection 3.3 answers this in
closed form for the economies used in Section 4. In implicit form, the equilibrium condition
reads

w(s) = ¥(s,nw'(s)), Y (s,p) = m(s,In[p/0](5)]); (8)

the theorem says that this implicit equation can be solved for w’, which is what yields the explicit
ODE Eq. (7).

Remark 3.1 (Boundary Conditions and Multiplicity). An ODE has a one-parameter family of
solutions, so one asks what plays the role of the initial condition. The answer differs across
signaling models.

In the classical Spence model with a bounded type space, the lowest type’s schooling choice is
a free boundary condition, which generates a continuum of separating equilibria; the least-cost
separating equilibrium is the one selected by standard refinements (Riley 1979; Mailath 1987,
Cho and Kreps 1987; Cho and Sobel 1990). Here the type space (0, o) has no lowest type to
supply an initial condition, and every schooling level is chosen by a positive mass of agents.
The requirement in Theorem 3.1 that u be strictly decreasing with range R takes its place: it
rules out solutions that are convex near s = 0 (the first-order condition would then identify a
minimum rather than a maximum) and solutions that vanish at a positive schooling level (no
agent would choose lower levels). In the power class exactly one solution survives, the one
with w(0*) = 0, the continuum analogue of the lowest type doing no schooling and earning
nothing (Proposition 3.1)

Remark 3.2 (Beyond the Gaussian Case). Theorem 3.1 does not use log-normality. For other
families of distributions, m(s,u) is available by one-dimensional numerical integration of
Eq. (5), and Eq. (7) can be solved numerically. Closed-form posteriors exist for conjugate
families, such as the Gaussian family of Section 4 and the natural exponential families with
quadratic variance functions.
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Theorem 3.1 leaves open whether a regular solution exists. This subsection settles the question,
in closed form, for the class of economies on which the rest of the paper is built: constant-
elasticity productivity, linear schooling cost, and a posterior mean that is log-linear in the cost
index. The log-normal economy of Section 4 belongs to this class. Because the ODE is then
separable, the result requires only elementary integration.

Suppose
* PC)O(s) =s,e(s,7) = sPt with 0 < p < 1, and the posterior mean of ability is
log-linear in the cost index,

Tw) =E[t|U=u]=ye P, 2.0 > 0. 9)

Then m(s,u) = sPT(u) = ysPe P“ which is C! with d,m = —Bm < 0, so that A2 holds,
P =L x(0,00),ii(s,w) = =B In(w/(ys?)), and H(s,w) = (xs”/w)l/P. Let

b p+p

= 55 € (p,1).

Proposition 3.1 (Closed-Form Equilibrium in the Power Class). Under (PC):
(a) Every positive solution of Eq. (7) satisfies

Zl/ﬁ
w(s)(1+PV/B = C + Ts(“ﬁ)/ﬁ, C e R. (10)
(b) Exactly one solution is the wage schedule of a regular equilibrium, namely C = 0:
w(s) =Asb, A= y1/(1+B) p=B/(1+B),

1t is strictly concave, and its elasticity with respect to schooling is the constant b < 1.
(c) Solutions with C > 0 have w(0%) > 0 and w’(07) = 0, and solutions with C < 0 are
defined only for s above a positive threshold, where w = 0, neither is regular. All solu-
tions with C # 0 nevertheless approach the equilibrium for large s: dlnw/dIns — b

as s — oo.
Proof.
(a) The ODE w' = (ys?/w)!/B is separable: w!/Pw’ = (ysP)!/B. Integrating,
%w(“ﬂ)//’ = ;(l/ﬂ%s(“ﬂ)//’ +const, and (1 + 8)/(p + B) = 1/b gives Eq. (10).

(b)—(c) A regular schedule must be positive and defined on all of ¥, which excludes
C < 0 (the right side of Eq. (10) is negative for small s). If C > 0, w(0*) = CA/(0+8) >
sow = ylUBsplBy-1/F 5 0ass | 0, and then u = Inw’ cannot have range R. For
C =0, w = As? with A as stated, and u(s) = In(bA) + (b — 1) In s is strictly decreasing
with range R because b < 1; w” = bA(b — 1)s?"? < 0, and by Theorem 3.1(i)) w

13



is the wage schedule of a regular equilibrium. For any C # 0, ( Eq. (10)) gives

wHB Bg=(p+B)IB — ¥ 1B /b ass — oo, s0dlnw/dIns — % - p;ﬂ = b. Why

p < 1. Part (a) doesnotuse p < 1. If p > 1, then b > 1 and, for every C, w ~ As” and

w = (ysP/w)l/P ~ sb=1ass — oo, which does not decrease to zero (if b > 1 it diverges;
if b = 1 it tends to a positive constant). A regular schedule has w’ strictly decreasing,
with u = Inw’ tending to —co, s0 no solution is regular: there is no equilibrium.

Proposition 3.1 shows that in the power class, the equilibrium exists, is unique, is concave,
and has constant elasticity » < 1. The wage rises with schooling for two reasons: schooling
is productive (elasticity p), and more schooling signals higher ability (an additional elasticity
b—p =B -p)/(1+ p)>0); the total is still below one, so wages are less dispersed than
schooling. The closed form is the building block of all results in Section 4.

Remark 3.3 (Scale Invariance and the Role of Log-Linearity). The equilibrium has a scale-
invariance interpretation. The ODE satisfies H (s, 2wy = AP-1H(s,w), so it is unchanged
by the scaling (s,w) = (s, 2°w), and the equilibrium w = As? is the unique solution that is
invariant under it. This is the viewpoint of Lie’s symmetry methods for differential equations
(Olver 1993, chap. 2 and 3). The converse also holds: by differentiating 7T (ii(s,w)) = ws™?
one finds that the ODE is invariant under a scaling (s,w) +— (1s, APw) if and only if T"/T is
constant, that is, if and only if the posterior mean is log-linear as in Eq. (9). The closed forms
of Section 4 are therefore tied to Gaussian-like posteriors; for other posteriors one uses the
numerical method of 3.2. Since elementary integration already solves the power class, I do not
develop the symmetry machinery further.

4 The Log-Normal Economy

The characterization of Section 3 is general but abstract. To obtain explicit answers about in-
equality and mobility, this section specializes to log-normal ability and parental schooling. In
that case the employers’ inference problem has a closed form (Gaussian conditioning) and the
ODE of Section 3 is solved in closed form (Proposition 3.1). The results answer three ques-
tions: how unequal are schooling and wages in equilibrium (Gini coefficients); how persistent
is schooling across generations (intergenerational dynamics and mobility); and what does the
signaling friction itself do to inequality and mobility, relative to full information and relative to
a world in which cost does not depend on family background?

I now examine how inequality in earnings and schooling evolves when ability and parental
schooling are log-normal. Write X ~ LN(y, ¢2) if InX ~ N(yu, 0?). Assume throughout this
section, for every t > 1,

?,1—1) independent of 7, a1
e(s,7) =51, 0<p<1, Oi()=s, K(t,5)=1"%"7,

7, ~ LN(pt7,03), 529 ~ LN(ps 150

14



with ¢ > 0 and y > 0. Here, and only here, the cost index takes the product form K =
0,(1)05(s") with 6,(t) = =% and 05(s") = s'~7. The restriction p < 1 (diminishing returns
to schooling) is needed for the existence of an interior optimum. I consider two cases: (i) the
cost depends only on ability (y = 0), so that schooling is a perfect signal; and (ii) the cost also
depends on parental schooling (¥ > 0), so that the signal is imperfect. In both cases the posterior
mean of ability given the cost index is log-linear, so that the power-class results of Subsection 3.3
apply: for y > 0, Al and A2 hold (see the proof of Proposition 4.3), and for y = 0 the posterior
is degenerate, T = ¢™*/®, and Theorem 3.1 holds verbatim with m (s, u) = sPe /@,

The following lemma calculates the posterior ability based on the signal using the orthogonal
projection. This is the only probabilistic calculation required to achieve the closed-form results.
Regard random variables with finite variance as vectors, with the covariance as inner product.
The orthogonal projection of ¥ = In t on the observed signal V = aY + yZ is the part of Y
that is linear in V and leaves a remainder uncorrelated with V: it equals EY + g(V — EV)
with g = Cov(Y,V)/Var(V). Geometrically it is the foot of the perpendicular dropped from
Y onto the line spanned by V; statistically it is the best linear predictor of Y given V, the one
that minimizes the mean squared error. For jointly normal variables, “uncorrelated” means
“independent”, so the remainder carries no information about V. The projection is then not just
the best /inear predictor but the full conditional expectation, and the conditional variance is
the variance of the remainder, which does not depend on the realized value of the signal. Two
consequences drive the results below: the posterior mean of In 7 is linear in the cost index (so
the posterior mean of t is log-linear, as required by (PC) in Subsection 3.3), and the posterior
variance is a constant. Standard references are Anderson (2003, sec. 2.5) for the conditional
normal distribution and Brockwell and Davis (1991, chap. 2) for the Hilbert-space projection
theorem. The lemma is a static computation and requires neither continuous-time filtering nor
a Riccati equation.

Lemma 4.1 (Gaussian Conditioning). LetY =Int ~ N(u,,02)andZ = Ins’ ~ N(p,,0?)
be independent, a,y > 0, and D? = aza% + }/203. Then, conditional on aY + yZ = v, Y

is normal with

E[Y|aY+yZ=v]=p.+B(v-ap, —7yu,),

Var(Y | aY + yZ) = 02, where (12)
PO S G
- D2 ’ E D2

The signal quality #% = 1 — 62/02 = af = a’0%/D?> € (0,1) is the fraction of the
variance of In T explained by the signal; it is increasing in a and o, and decreasing in y

and o .

Proof. (Y,aY+yZ) isbivariate normal with Cov(Y,aY+yZ) = aa% and Var(aY+yZ) = D2,
The conditional mean and variance are the standard regression formulas for the multivariate nor-
mal distribution; the residual Y — E[Y | Y + yZ] is independent of ¢ Y + ¥ Z. The monotonicity
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statements follow from %2 = 1/(1 + }/202/((1 0,)) [ |

This subsection treats the benchmark in which schooling reveals ability perfectly. It shows the
basic mechanism in its simplest form and supplies the formulas to which the imperfect-signal
case reduces when the background effect on cost vanishes.

Let y = 0, so that the log cost index U = —a In T reveals ability, T = e~Y/%, and T (u) = e/,
This is Eq. (9) with y = land g =1/a,sob = (ap + 1)/(a + 1) and Eq. (7) becomes

TREa

Proposition 4.1 (Equilibrium under a Perfect Signal). Under Eq. (11) with y = 0, the sig-
naling equilibrium is unique among regular equilibria and is the same in every period.:

1/(1+a)
[ g ! ] slap+D)/(a+l)

w(s) =
ap +1 (14)
ap + 17100 s
— a+ —p
=[] e

Equilibrium schooling and wages are log-normal, s, ~ LN (b ,( pf) ) and w, = w(s;) ~
LN(b, (a%)2), with

o L fpaetl | oyr= et Do
ys—l_p[lna+1+((x+1),ur, off = ET 0, (15)
pf 1 ap +1 ] of _(ap+1)o,

'uw_—l—p[plna+l +(ap+Dp|, UW_—I—p , (16)
and the Gini coefficients are, with ® the standard normal CDF,

Gspfzzq,(w) _1, G{’vf:2q>(M) 1 (17)

V2(1 - p) V2(1 - p)

Proof. By Theorem 3.1, a regular equilibrium solves Eq. (13). By Proposition 3.1 with y =1
and B = 1/a, the unique regular solution is w = As? withb = (ap + 1)/(a + 1) and A =
b~ 1+a) — [(g+1)/(ap+1)]1/1+9) whichis Eq. (14) for w. The first-order condition w’ (s) =

“ gives Ins = [In(bA) + aInT]/(1 — b), which simplifies to Ins = ﬁ In aap++ll + “—” Inz,
thatis, Eq. (14) for ¢ and Eq. (15). Thenlnw, = blns,+InA gives Eq. (16). The Gini coefﬁment

of LN(p, 62) is 2(1)(0/\/5) — 1 (Aitchison and Brown 1957). [ |

With a perfect signal, schooling reveals ability one-for-one: each schooling level is chosen
by a single ability level, wages equal productivity, and log-normality of ability carries over to
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schooling and wages. Wages are less dispersed than schooling because the wage rises less than
proportionally with schooling (elasticity b = (ap + 1) /(e + 1) < 1).

Proposition 4.2 (Wage Inequality vs. Schooling Inequality). Under a perfect signal, G <
G™".

Proof. Since & is strictly increasing, it suffices to compare the arguments in Eq. (17). The

22+ times that of GY', and %21 < 1 if and only if p < 1. |

argument of G equals L -

This subsection treats the case of interest: when parental schooling also affects the cost, school-
ing confounds ability and background, and employers can infer only the cost index. The aim
is to find how the equilibrium wage schedule, and the distributions of schooling and wages,
change when the signal becomes noisy.

Let y > 0, so that w'(s;) = 7;%s,’ no longer reveals 7,. Fix a period 7. The following

2

quantities depend on 7 only through the parental log-moments p,,_y and o5, 4,

and I suppress
this dependence:

5 2.2 2

ao Y 0701

2 _ 2.2 2 2 _ T 2 5,1
D—aaT+yas,t_1, 'B_Dz’ L= —

(Eq. (12) with o, = 0,_;), and

p+B

1
b=Trg €D x=exp{(l-aP)ue =y Pusis + 303},

Proposition 4.3 (Equilibrium under an Imperfect Signal). Under Eq. (11) with y > 0 and
051 > 0, the period-t signaling equilibrium is unique among regular equilibria and is
given by

w(s) = Ast, A= yVU+B) p=BI(+p) (18)

(I+B)/(1-p)
c(x, o) = [pA T |

Schooling and wages are log-normal, s, ~ LN(y ,, 02,) and w, = w(s;) ~ LN(pt,,.1, 02,),
with

'us’t: — [1nb+%0‘z+(1+a),ur+}/ﬂs,t—l]’
19
1+ D? + aa% 1
GS,Z_I_p _(l—p)D’
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1
ﬂw’t:m[plnb+%d%+(l+ap)ﬂr+p}’:“s,t—l]’
(20)
o p+'BD: pD? + ac2
W= 1 - p (1-p)D °

The Gini coefficients are

Gimzch(as")—l Gim =2q>(0w”)—1
s,t s w,t s

V2 V2

and G, < G, because 0, ,/0,, =b < 1.

Proof. Posterior mean. Put Y = Int, and Z = Ins,_;. The log cost index U = —(aY + yZ)
is a nondegenerate normal variable, so it has a positive density, and conditioning on U = u is
conditioning on Y + yZ = —u. By Lemma 4.1,

T(u)=Ble" | U =u] = explur — flu+ap, +ypg, 1) + 508} = g e P,
som(s,u) = s”T(u) is C! with d,m = —pm < 0: Al and A2 hold, and (PC) and Eq. (9) hold
with g as in Eq. (12).

Equilibrium. By Proposition 3.1, the unique regular equilibrium is w = As? with b = (p +
B)/(1+ pB)and A = yVV(+B)p=B/(0+B) which is Eq. (18).

Distributions. From w’(s) = bAs’~!, the first-order condition Inw’(s,) = —aY — yZ and
1-b=(1-p)/(1+p),

[y

Ins, =~ Lrinpba) + a¥ + y2],

l-p

which is normal with variance (it—g)zDz. Using In(bA) = ﬁ [Inb+(1—ap)ppr—yBlsi1+
%a%] and collecting terms gives Eq. (19). Finally Inw, = blns, + InA, and algebra (the coef-
ficient of Inb is %, that of p, is 11+ _app , that of piy,_q is 1”_—7;) gives Eq. (20). The identities

(1+ B)D = (D> + ac2)/Dand (p + B)D = (pD? + ac2)/D follow from D> = ac2. M

Each schooling level is now chosen by a mixture of abilities and backgrounds. Employers pay
the expected productivity of the pool, which depends on how informative the signal is: g is
the weight that the posterior mean of In T puts on the signal, and o7 is the ability variance left
unexplained. The wage elasticity b lies between p and 1, and the dispersion of schooling is
driven by D, the dispersion of the cost index, scaled up by the factor (1 + g8)/(1 — p).

Asy 10, B - 1/a, 62 - 0, and the formulas for w and the distributions converge to those of
the perfect-signal case.
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This subsection links generations: today’s distribution of schooling is tomorrow’s distribution
of family backgrounds. The aim is to measure social mobility by the intergenerational elasticity
(IGE) and to find when inequality settles down to a stationary distribution rather than growing
without bound.

Because 7, is independent of s,_;, the proof of Proposition 4.3 shows that

1
Ins, = const+ ¢ Ins,_; + a(lf*_pﬁ)ln T, ¢

ri+p
l-p

: 21)

so ¢ is the intergenerational elasticity (IGE) of schooling (Solon 1992; Corak 2013), the stan-
dard measure of (im)mobility: a larger ¢ means lower social mobility. The coefficient depends
on ¢ because S depends on the cross-sectional dispersion of parental schooling.

Proposition 4.4 (Dynamics and Stationary Distribution). Under Eq. (11) with y > 0, sup-
pose s is log-normal. Then:
(i) Recursion. s, is log-normal for all t, with as . = F(o? O5i-1)

(a?02 + y’n+ ac2)?
(1= p)2(a?og +y2n)’

Fn) =

and g, given by Eq. (19).

(ii) Stationarity. A4 stationary variance n* > Q with F (n*) = n* exists ifand only if y < 1—
p, and then it is unique: n* = (x* —a?02)/y?, where x* = [by+ ,lbz + 4agcy 1/ (2ag)
withay = (1-p)?—y2, by = [(1-p)?a’+2y2alo2, andcy = y2a’c. Ify > 1—p,
then F (n) > n for all n, and 62 ; - .

(iii) Stationary IGE. At the stationary variance, the IGE ¢* = y (1 + B)/(1 — p), with
B = aa%/x*, lies in (0, 1).

(iv) Convergence. If a« > 1 and y <1 — p, then ait — n* monotonically from any initial
variance, and p g, converges to the unique solution of the linear fixed-point equation
implied by Eq. (19), because its feedback coefficient y /(1 — p) < 1.

Proof.

(i) is Eq. (19) rewritten with o, = (D* + a02)/((1 - p)D).

(i) Write x = a%02 + y2n,s0n = (x — a>02)/y?. Then F(n) > n if and only if y2(x +
0{0‘.2[)2 > (1 - p)x(x —a aT) that is, Q(x) = a0x2 — box — cg < 0. Since ¢y > 0,
00) < 0. Ifayg > 0, Q has exactly one positive root x*, Q@ < Oon (0,x*) and Q > 0
beyond. Moreover Q(a?02) = —y2a?ct (1 +a)? <0, s0x* > a’c2 and n* > 0. Thus
F(n) >nforn < n*and F(n) < nforn > n* Ifay <0,then Q < 0 forall x > 0, so

F(n) > n for all n; an increasing sequence with no fixed point is unbounded.
(iii) At the stationary state Eq. (21) gives n* = ¢*?n* + [a(1 + B)/(1 — p)]?02 with n* > 0,
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hence ¢*2 < 1.
(iv) For @ > 1, F is nondecreasing: with x = D?> > a?02 > ao2, F

2
[x + 2a0% +

a?0%/x]/(1 — p)? has derivative in x proportional to 1 — %% /x> > 0. Since F is
nondecreasing and has the sign pattern from (ii), the sequence af", =F (orit_1 ) 1s mono-
tone and bounded, and converges to n*. The mean converges because it solves a linear
recursion with coefficient ¥ /(1 — p) < 1 and a convergent forcing term.

The dispersion of schooling of one generation is a function of that of the previous generation.
Inequality settles at a stable level if and only if y < 1 — p: the elasticity of cost with respect
to parental schooling must be smaller than 1 — p, which measures how strongly diminishing
returns damp the transmission of parental advantage. If y > 1 — p, inequality in schooling
grows without bound across generations. When it settles, the IGE is below one: children of
better-schooled parents are better schooled, but regress partly toward the mean.

For ¢ < 1, F is not monotone for small n, and I claim only existence and uniqueness of the
stationary variance. A comparative-statics remark: holding the parental distribution fixed, ¢
is increasing in ¥ whenever @ > 1/8 (in particular if @ > 1), since d[(1 — p)¢p/dy = 1 +
(aja)(a—x)/(a+x)?>1-1/(8a) witha = aza% and x = 72‘73,;—1; and the signal quality
P2 is strictly decreasing in y.

This subsection isolates the effect of the signaling friction itself. It compares the equilibrium
with a benchmark in which employers see ability directly, keeping everything else (costs, dis-
tributions) the same, to find what the friction does to the dispersion of schooling and wages and
to mobility.

To isolate the effect of the signaling friction, compare the equilibrium with the full-information
benchmark in which employers observe 7, and pay w = e(s, 7). Agents then maximize s T —
s T %s"~7 so that

FI _

Ins™ = l_lp[lnp+(1+a)lnr+ylns’]’ Inwfl = pInsfl + In 7.

Proposition 4.5 (Signaling Compresses Dispersion but Ties Schooling to Background). Fix
period t and the parental distribution LN (pg 1, ‘73,:—1) with y > 0. Then:
(i) Compression.

o2

Var(Inst!) — Var(lns,) = Var(lnw'!') — Var(Inw,) = Tor
-p

> 0,

so the Gini coefficients of schooling and wages are strictly lower under signaling than

under full information.
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(ii) Sorting on ability versus background. The elasticity of schooling with respect to ability
is a(1 + B)/(1 — p) under signaling and (1 + a)/(1 — p) under full information, a
shortfall of (1-R2?)/(1—p) > 0; the elasticity with respect to parental schooling, that
is, the IGE, is y (1+ B) /(1 — p) under signaling and y | (1 — p) under full information,
an excess of y /(1 — p) > 0.

(iii) Perfect signal. If y = 0, dispersion coincides with full information but schooling is

excessive: the mean of Ins exceeds its full-information value by ﬁ In poig :) > 0.

Proof.

(1) With x = }/20?’[_1 and D> = a”02 + x, Eq. (19) gives (1 — p)? Var(lns,) = D? +
20{0% + azoi/Dz, while (1 — p)? Var(Inst) = (1 + a)za% +x =D+ 2aa% + a%.
The difference is 02 — a?0%/D? = 02x/D? = o2. For wages, (1 — p)? Var(Inwfl) =
(1+ap)?02+ p?x and, from Eq. (20), (1-p)? Var(lnw,) = p?’D?*+2pac2+a’ct/D?;
again the difference is 2. (ii) Read off the coefficients of In T and Ins” in Eq. (21) and

ap+1
a+1 > P>

in Ins™, using & g = R2. (iii) Compare Eq. (15) with In st! for y = 0 and use
which is equivalent to p < 1.

The friction compresses the cross-sectional distribution, because employers cannot tell high-
ability from low-ability workers within a schooling level and so pay them alike. The size of
the compression equals the part of ability variance that the market cannot infer, o2. But the
friction also reduces how much schooling responds to ability and raises how much it responds
to parental schooling: this is the mobility cost of signaling.

The next proposition asks a different question: relative to an economy in which the cost depends
only on ability, does adding a background effect on cost raise or lower inequality?

Proposition 4.6 (Adding Family Background to the Cost: Ambiguous Effect on Inequality).
Compare the period-t imperfect-signal equilibrium (y > 0) with the perfect-signal equilib-

rium (same a, p, o). Then

(1= p)(a,,—o¥) = <D—aofl;<D— o0)
(1- p)(aw,t _JIV)Vf) — (D_aaTng_UT).

Since D > ao , schooling inequality is higher with background effects if and only if D > o ,

that is, y2ait_1 > (1 — a?)o2 (always true if a > 1), and wage inequality is higher if and

only if pD > o,.. For 0, < D < a./p, schooling is more unequal while wages are less

unequal. The Gini comparisons have the same signs.

Proof. Expand: (D—ac)(D—0)/D =D+ ac?/D—(1+a)o, which equals (1 - plog,—(1+
a)o , by Eq. (19) and Eq. (15); similarly (D — ao)(pD - ¢)/D = pD + ac?/D — (1 + ap)o.
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The Gini coefficient is increasing in the log-standard deviation. |

Proposition 4.6 shows that two forces act in opposite directions: the cost index becomes more
dispersed (it now varies with background as well as ability), which raises inequality, while
the signal becomes less informative, which compresses it. Which force dominates depends on
whether the dispersion of the cost index exceeds the dispersion of ability.

Remark 4.1 (Interpretation). Proposition 4.5 shows that the cross-sectional compression of in-
equality produced by an imperfect signal is not benign. The compression equals the variance
o2 of ability that the market cannot infer from schooling; it comes with a loss of ability-based
sorting and a higher weight on family background, hence lower social mobility. Relative to
the full-information allocation, signaling both misallocates schooling and strengthens its depen-
dence on parental schooling. The model treats wages as deterministic functions of schooling;
match-specific productivity shocks, revealed after hiring (compare Rothschild and Stiglitz 1976
for the adverse-selection logic), would add within-group dispersion without changing these
between-group results.

5 Finite Ability and Schooling Types

The log-normal economy gives smooth, closed-form results but cannot display discrete features
of the problem: the coexistence of equilibria, the pooling of talented poor children with others,
and the difference between temporary and permanent mobility. With finitely many ability and
schooling types these features can be analyzed completely. The section shows how the same
mechanism, the confounding of ability and background in the cost index, generates (i) pooling
by background, (i1) multiple Pareto-ranked equilibria, and (iii) consequences for mobility and
growth. It proceeds from general properties (sorting, separating and pooling equilibria) to a
fully solved two-type economy and then to long-run implications.

To gain further analytical insight, I consider an economy with finitely many ability types and
schooling levels,

T ={t1 <71 << TN} F={s] <55 << sk

with g; = Pr(t, = 7;) > O and 71} , = Pr(s, = s3); parental schooling takes values in .%° as well.
An agent is indexed by (7, k): ability T; and parental schooling s;. Costs have the form Eq. (4),

O(sj, TisSk) = €j Kjks ¢ =01(s), 1w = K(Ty,50), (22)

with 0 = ¢; < ¢y < -++ < ¢ (the lowest schooling level is costless) and #;;, strictly decreasing
in i and nonincreasing in k. The cost index need not be separable in 7; and s;. Productivity
e(s;, T;) is nondecreasing in i and in j. [ write 0, = 6(s;, T, 5¢)-

A pure-strategy signaling equilibrium of period ¢ is a rule ¢ : {1,...,N} x {1,...,.M} -
{1,...,M} (the index j of the chosen level) and wages (W, ..., W,,) such that: (a) optimality:
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s(i,k) € argmax; [W; — c;x;]; (b) Bayes consistency: for every level j chosen with positive
probability,
2 (i kg (ik)=j 8i Tha-1€(5 Ti)

9

I/Vj.:

Z(i,k)=g(i,k):j 8i T,t-1

and (c) off-path beliefs: for a level j that is never chosen, W; € [e(s;, T1),els;, Ta) ] The next

state is 77,

schooling, rows summing to one) is

= Z( i) id)=j 8iT k-1 and the transition matrix (rows indexed by parental
N

(P =Pr(s, =s; 151 =s) = Y g Hclih) =j}, 7, =m,P,. (23)
i=1

This subsection establishes the finite-type analogue of Lemma 2.1: schooling reveals the cost
index and nothing else. This is the basic structural fact behind all results of the section.

Lemma 5.1 (Monotone Sorting). In any pure-strategy equilibrium, if i, < ¥, then
s(i,k) = (i’ k"). Agents with equal cost indices (¥, = 1 ;) face the same maximization

problem and, up to tie-breaking, choose the same level.

Proof. Letj = g(i,k),j = g(i’, k"), x = x; < ' = xr;r. Optimality of both choices gives
W;—cjic 2 Wy —cjic and Wy — cjnc' > W; —¢jic’. Adding, (c; —cj/)(x’ —x) 20,50¢; > ¢pr
andj >j’. [ |

Thus schooling reveals the cost index and nothing else. If family background matters (65 not
constant), a talented child of poor parents and a less talented child of richer parents can have
the same or interleaved cost indices, and then schooling cannot rank them by ability. This is the
finite-type counterpart of the pooling in Figure 1.

Definition 5.1 (Equilibrium Types). A pure-strategy equilibrium g is called
(1) fully separatingifs(i,k) = g (i) forastrictly increasing ¢ (schooling reveals ability
and is independent of background);
(i) background-pooling if 5(i,k) = 5¢(k) (ability plays no role in schooling given the
family background); and

(ii1)) hybrid (semi-separating) otherwise: some, but not all, ability differences are revealed.

This subsection characterizes the two polar kinds of equilibrium: separating equilibria, in which
schooling reveals ability, and background-pooling equilibria, in which schooling simply repro-
duces the parent’s level. The aim is to know exactly when each can arise.
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Proposition 5.1 (Separating Equilibria when Background is Irrelevant). Let 05 = const, so
K; = 0,(7;)05 is strictly decreasing in i. Let j; < --- < jy be schooling indices, and set
C; = cj and W; = e(s;., t;) (full revelation). Then no type wants to switch to another used
level if and only if the adjacent constraints hold:

K; (Ci_cl'_l) < Wi_Wi—l < Ki_q (Ci—Ci_l), i:2,...,N. (24)

The profile is an equilibrium (with the most pessimistic off-path wage e(s;, T1) at unused
levels j) if and only if, in addition, e(s;, T{) — ¢;ic; < W; — Cyxc; for all i and all unused j.

Proof. Necessity of Eq. (24): type i does not mimic i — 1 gives W; — x;C; > W,_; — x;C;_q,
and type i — 1 does not mimic i gives W,_y — x;_;C;,_; = W; — x;_;C;. Sufficiency: let
rp= W, —W,_)/(C,—C)_q) € [x;,%x;_1]. For type i, the payoff V() = W, — «x;C, satisfies
V() -V(I-1)=(C,-Cj_y)(r;—1x;) 20forl <i(sincer; > x; > x;)and < 0 for/ > i
(since r; < 1c;_1 < 1;). Hence [ = i maximizes V over used levels. The off-path statement is
the definition of equilibrium with the lowest admissible off-path wage, which makes deviations
least attractive. ]

The constraints Eq. (24) are the discrete analogue of the first-order condition w’(s) = 0'1 (s)1c
of Section 3 (the slope of the wage between adjacent signals is pinned between the marginal
costs of the two types). Existence of a fully separating equilibrium requires a sufficiently rich
grid of schooling levels; with a coarse grid only hybrid equilibria may exist, as in the two-type
economy below.

Proposition 5.2 (Background-Pooling Equilibria). Lef g : {1,...,M} - {1,...,M} and set
e; = ). 8e(s;,t;). Define W; = e; for levels j in the image of s, on the support of 7,_, and
W; = e(s;, T1) otherwise. The rule (i,k) = go(k) is a signaling equilibrium (with these
wages) if and only if, for all i, k,j,

eGO(k) - cé‘o(k) Kix 2 VVJ - Cj K- (25)

In such an equilibrium s, = s () for a child of a parent with schooling sy, in particular, if

go(k) =k, then P, = I (no intergenerational mobility).

Proof. Because 7, is independent of s,_; and the choice depends only on k, the ability distri-
bution among workers at any used level is the prior (g;), so Bayes consistency yields W; = ¢;.
Condition Eq. (25) is optimality of g (k) for every (i, k). If an equilibrium of this form exists
with some other off-path wages, replacing them by the lowest admissible ones weakly reduces

deviation payoffs, so Eq. (25) holds; the converse is immediate. |
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This subsection solves a minimal economy completely, to see how pooling and mobility coexist
as distinct equilibria and what determines which one is available over time.

Specialize to N = M = 2. Productivity is
e(s;,t;) =e; (i=1,2), e(s5,T1) =ep, e(s5,7y) =e3, € <e<es, (26)

so unskilled workers’ productivity is independent of talent, while educated talented workers are
more productive. The proportion of high-ability workers is g, = p € (0, 1). Let

A(x) = (ep —eq) +x(e3 —e3), x e [0,1],

be the wage premium of schooling s, over s; when a fraction x of the workers at s, is talented.
Assume

0220 < 0312 < A(p) < 0331 <0311, 0207 < A(0). (27)

(The chain imposes no restriction on the cost index beyond monotonicity; if K is separable,
K = 0,05, it is consistent with Eq. (22) whenever 0,,,6511 = 02120251. For example, p = %,
(61,6’2,63) = (1,2,3), and (0222, 0212, 0221, 0211) = (06, 12, 18,36) give A(p) = 15)

Write o7 ,_ for the fraction of parents with low schooling, assumed to lie in (0, 1), and define

4
= T=pa - 29

v, =

the fraction of talented workers among those with schooling s, when all agents except the least-
able poor ones choose s,.

Proposition 5.3 (Equilibria of the Two-Type Economy). Under Eq. (26) and Eq. (27), up to
knife-edge indifferences, the pure-strategy equilibria of period t are exactly:
* (E1) Background-pooling (immobility): ¢ (i,k) = k. Wages are W| = e; and W, =
(1 — p)es + pes; the transition matrix is P = I, and the mass of talented agents with
high schooling is R, = p 7, ,_;. It exists in every period.
* (E2) Hybrid (mobility): all agents choose s, except type (i,k) = (1,1). Wages are

1 -
W, =ey and W, = (1 —v,)ey + v,e3; the transition matrix is P, = ( OP 117), and

R; = p. It exists if and only if
0221 < A(Vt) < 0211. (29)

No other pure-strategy equilibrium exists. When both exist, E2 Pareto-dominates E1: agents
(2, 1) and all agents with k = 2 are strictly better off, and agent (1, 1) is indifferent.
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Proof. By Lemma 5.1 and Eq. (27), whose chain orders the cost indices as x5, < k15 < ko1 <
K11, the set of agents choosing s, is an upper set in this order. Since e(sy,-) = e;, W| = ¢;
always, and agent (i, k) chooses s, if and only if W, — e; > 6,;,. The five candidate sets:
(a) none: then W, > e, off path, so agent (2,2) gains at least A(0) > 6,5, by deviating;
(b) only (2,2): then W, = e3 and agent (1,2) gains A(1) > A(p) > 60,;, by choosing s,;
(c) {(2,2),(1,2)}: the ability distribution at s, is the prior, W, — e; = A(p), and the choices
are optimal by Eq. (27); this is E1; (d) all but (1,1): the share of talent at s, is [p7,,_; +
pyq1/[m21 +pys-1] = vy, and optimality requires 0,51 < A(v,) < 0,11; (e) all: then
Wy —e; = A(p) < 6571, so agent (2, 1) deviates. For the Pareto statement: payoffs at (1, 1)
equal e in both; at (2, 1) they are ¢; in El and e; + A(v,) — 6551 > e; in E2; for k = 2 they
are e; + A(-) — 0,5 with A(v,) > A(p). |

Proposition 5.3 shows that in E1 every child ends up where her parents were: talented children
of low-schooling parents do not acquire the signal and earn the low wage. In E2 all children
except the least able poor ones acquire the signal, so schooling at the top is a mix of talents, the
wage at the top is lower than under perfect revelation but higher than under E1, and talented
poor children move up. Every agent except the least able poor (who are indifferent) is strictly
better off in E2, so E2 Pareto-dominates E1 when it exists.

Proposition 5.4 (Dynamics and Growth in the Two-Type Economy). Suppose E2 is played
from t = 1 while it exists. Then 7y, = (1 —p)'myo v, = p/[1 = (1 =p)ayglis strictly
decreasing and converges to p, and E2 is an equilibrium in period t if and only if t < tg,
where tg is the largest t with A(v,) > 0,51 (finite, since A(v,) - A(p) < 0351, 19 = 1
iff A(vi) > 0451), provided A(v{) < 6,1,. After ty the economy plays EI forever, so
w1, = (L =p)om o fort > ty. Under the growth assumption below, the path with E2 until
to has strictly higher talent utilization than the permanent E1 path whenever ty > 1:

R, =p(t<ty), R, =p[l-(1-p)fom o] (t>1ty), versus

R, = p (1 = i o) under permanent E1.

Proof. Under E2, 71y, = (1 = p)ary,_; (only (1, 1) chooses s), which gives the closed form
and monotonicity of v,. The upper bound in Eq. (29) is monotone: if A(v;) < 6,;; it holds
for all . The lower bound fails once v, < (6,51 — e, + €1)/(e3 — e,); since i stops changing
under E1, v does not rise again and E2 never becomes available again. The expressions for R,
follow from Proposition 5.3. |

Mobility under E2 shrinks the pool of poor families, which dilutes the share of talent among
educated workers; once that share falls below a threshold, the signal is no longer worth its cost
for talented poor children and the economy falls back into immobility. The mobile equilibrium
is therefore temporary unless costs for poor children fall.

Example 5.1 (Numerical Illustration). Let p = %, (e1,ea,e3) = (1,2,3),sothat A(x) = 1 + x,
and (0222, 0212, 0221, 0211) = (06, 12, 18, 36), so that A(p) = 1.5 and Eq (27) holds. With
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w10 = 0.9, Eq. (28) gives v; = 0.909 and A(v) = 1.909 € (1.8,3.6), so E2 exists in period
1. In period 2, v, = 0.645 and A(v,) = 1.645 < 1.8, so E2 no longer exists and 7, = 1. Talent
utilization is Ry = 0.5 in period 1 and R, = 0.5 x (1 — 0.5 x0.9) = 0.275 for ¢t > 2, against
R, = 0.5 x0.1 = 0.05 under permanent E1.

This subsection extends the analysis to any finite economy, to measure mobility and talent uti-
lization by standard tools (Markov chains) and to link them to growth.

Growth. Let R, = Pr(t, = ty,s, = s),) be the mass of agents who combine top ability with
top schooling (knowledge workers). In the spirit of knowledge externalities (Romer 1990; Raut
2005), I assume the growth rate of the economy’s knowledge stock in period ¢ is @ (R,) for a
strictly increasing function w. By independence of =, and s,_,

R =gy i1 HS(N.k) = M} < gy, (30)
k

with equality if and only if every top-ability agent attains s,,.

Proposition 5.5 (Mobility, Stationary Distribution, and Talent Utilization). Let ¢ be time-
invariant and P the matrix Eq. (23).

(i) Polar cases. In a fully separating equilibrium all rows of P equal yrjs.ep =
Y. &il{soli) = j}; hence m, = 7% for all t > 1, the second eigenvalue is 1, = 0,
and the Shorrocks mobility index (M — tt P) /(M — 1) equals one (Shorrocks 1978).
In a background-pooling equilibrium with co(k) = k, P = I, every distribution is
stationary, and the index equals zero.

(ii) Stationary distribution. If P is primitive (irreducible and aperiodic), there is a unique
a* > 0 with 7* = w*P, and for every r € (|15], 1) there is C with |m, — 7*|; < Cr?
for every initial , where A, is the eigenvalue of second-largest modulus; if P is
diagonalizable, r = |1,| is attainable. The spectral gap 1 —|1,| is a standard mobility
index (Sommers and Conlisk 1979).

(iii) Talent utilization. In a fully separating equilibrium with ¢o(N) = M, R, = gy for
all t > 1, the maximum possible value; in a background-pooling equilibrium, R, =
gn Pr(so(s;—y) = M).

Proof.

(i) If 5(i,k) = g¢(i), the sum in Eq. (23) does not depend on k; thentrP = Y, ;P = 1. If
s(i,k) =k, (P)y; = Y. &k = j} = 1{k = j}. (ii) is the Perron—Frobenius theorem for
primitive stochastic matrices and the spectral decomposition of P’ (Seneta 1981; Stokey
and Lucas 1989); without diagonalizability, Jordan blocks of size m at |1,| produce a
factor #™~!, absorbed by taking r > |1,|. (iii) follows from Eq. (30).
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The condition that P be primitive (not merely irreducible) matters: an irreducible but periodic
matrix, such as a permutation, does not converge. The two-type hybrid equilibrium E2 is not
time-invariant (it depends on v,); its transition matrix has the absorbing state s, and eigenvalues
1 and 1 - p, consistent with 77 , = (1 — p)’ary .

Remark 5.1 (Multiplicity, Beliefs, and Refinements). The two-type economy has two coexist-
ing equilibria, E1 and E2, which differ in mobility, talent utilization, and welfare, and which
are supported by different employer beliefs about the ability composition at s,. Equilibrium se-
lection therefore requires a theory of expectations. When family background is irrelevant, the
least-cost separating equilibrium is the outcome that survives standard refinements under single
crossing (Cho and Kreps 1987; Cho and Sobel 1990); with two-dimensional heterogeneity no
such selection result is available. That self-fulfilling beliefs can sustain group differences is
familiar from the statistical-discrimination literature (Coate and Loury 1993; Lang and Manove
2011).

Remark 5.2 (Policy Implications). Early childhood development programs reduce the cost dis-
advantage of children from poor families, that is, they lower the effective y in the log-normal
economy (and 6,51, 0,11 in the two-type economy). In the log-normal economy, a lower y
raises the signal quality %2 and, when a > 1/8, lowers the IGE (see the comparative statics
after Proposition 4.4). In the two-type economy, suppose a program lowers 6,5, below A(p).
Then E1 is no longer an equilibrium: talented children of poor parents find schooling worth-
while even under pooled beliefs. If A(v{) < 0,1, E2 is an equilibrium in every period, because
A(v)) L A(p) > 0q;thenR, = pand o7y, = (1 — p)'ry o — 0. A modest reduction of the
cost disadvantage can thus convert the temporary mobility of E2 into a permanent one. Apart
from the inequalities 0,5, < 0572 < A(p) and 6,5, < A(0) of Eq. (27), which any cost reduc-
tion preserves, the existence conditions for E1 and E2 involve only 6,51 and 6,1;. A uniform
proportional subsidy to schooling, which scales every 6,;, by the same factor § < 1, there-
fore yields the same equilibria as a reduction of #,,; and 6, by the same factor alone, but
it also subsidizes children who would invest anyway. The long-run returns to early childhood
programs documented by Heckman et al. (2010), Heckman and Raut (2016), Garci[]?a et al.
(2016), Raut (2018), and Reynolds et al. (2018) are consistent with this channel, but the model
does not by itself identify it.

6 Conclusion

This paper studied how education, used as a costly signal of unobserved ability, transmits family-
background disadvantage into earnings inequality and low social mobility. By background 1
mean parental schooling: because the cost of schooling falls with it, a child of low-schooling
parents faces a higher cost index than an equally able child of high-schooling parents. “Back-
ground inequality” is therefore the dispersion of parental schooling as it enters the cost index
(in the log-normal economy, the term y Ins,_;); it is not inequality of income or wealth, which
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the model does not include. Because schooling choices depend on agents only through the cost
index, employers can infer ability only imperfectly, and the equilibrium wage schedule solves a
first-order ODE (Theorem 3.1). In log-normal economies, signaling compresses the dispersion
of log schooling and log wages by exactly the variance of ability that schooling fails to reveal,
yet it raises the intergenerational elasticity of schooling, and a stationary distribution exists if
and only if y < 1 — p (Proposition 4.5, Proposition 4.4).

The signaling trap. With finitely many types, the dependence of the cost 6(s, 7,s,_1) on
parental schooling can sustain a pooling equilibrium in which talented children of low-schooling
parents do not acquire the signal and are under-utilized, while a Pareto-superior equilibrium
with upward mobility coexists. Which one prevails depends on beliefs, and without policy the
mobile equilibrium is temporary (Proposition 5.3, Proposition 5.4, Proposition 5.5).

Early childhood development and policy. The model identifies the cost differential between
children of low- and high-schooling parents as the lever that governs mobility and talent utiliza-
tion. Early childhood development (ECD) programs plausibly act on this lever by improving
cognitive and affective development before schooling begins. A sufficient reduction in the cost
faced by talented poor children raises the probability that they obtain the signal, shifts the econ-
omy from pooling to the mobile equilibrium, raises the mass R, of talented workers in technical
jobs and hence growth, and raises the upward transition probability Pr(s, = s, | s,_; = 571) (5.2).
In the two-type economy only the costs of poor-background children enter the equilibrium con-
ditions, so a uniform schooling subsidy yields the same equilibria as a targeted reduction of
the same proportion but also subsidizes children who invest anyway. This favors capability
investments aimed at the cost differential over credentialing subsidies, although the relative
effectiveness of the two instruments is an empirical question that the model does not settle. Ex-
tensions, namely endogenous parental investment and non-Gaussian distributions, are discussed
in 2.1 and 3.2.
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