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NOTES AND REMARKS 

Basic Loncepts: 

The theory of convex sets and convex functions or ig inated i B  the  

ear l y  years o f  t h i s  century mainly by Minkwaski, For a f i n i t e  dimensional 

extensive treatment o f  the subject, the reader should r e f e r  t o  Rackafel lar 
' 

(2). The mater ia ls  on i n f i n i t e  dimensional spaces can be found i n  any 

funct ional  analysis book. But the l ec tu re  notes o f  Moreatl(9) i s  an 

excel lent  treatment o f  the;sebject i n  topolog$cal vector spaces of 
*.h 

a r b i t r a r y  dimension. In t h i s  connection, one can see the survey paper 

by Klee (11); see Kel lqy  and Namioka f o r  other general izat ions. 
.I-_ 

--a, 

There are lakd many problems t h a t  a r i se  i n  connection with the 

i d e n t i f i c a t i o n  o f  the  extreme po in ts  o f  a given convex set  and there is an 

extensive l i t e r a t u r e  i n  mathematics addressed t o  t h i s  problem fo r  spec i f i c  

convex $$t6. See Kothe (10) pp. 333-337. Brdnsted (12) t r i e d  t o  extend the 

Krein-Millman theorem and i t s  l c b s . ~ ~ s ~  convex functions by using what i s  

ca l led  a r f i n e  minorants, 

We d i d  not  have time and space t o  discuss about d i f f e r e n t  types 

o f  convexity. A good account o f  i t  w i l l  be ava i lab le  i n  Panstein (13). 

For some more resu l t s  on separation, one should r e f e r  t o  

Klee (16(a)-(b)-(c)-(d)-(e)). 

D i f f e r e n t i a l  and sub-d i f f2 ren t ia l  Theory 

On f i n i t e  dimensional spaces, Rockafel lar (2) deals very 

extensively w i t h  the subject. Surveys o f  i n f i n i t e  dimensional r esu l t s  are 

contained i n  Asplund (18), Ioffaand TYhomirov (19) Ekeland and Temam (20). 

For the theory o f  conjugate functions, the reader i s  referred t o  

Brdnsteo and Rockafel lar (21), Brdnsted (22) Fenchel (23)- We mmt ion  here 

a work o f  Kutsteladze and Rabinov (24) who pointed out ,tr& a na tu ra l  



a lgeb ra ) .  I n  ( 2 4 ) ,  m n y  a n a l y s i s  and i n t e r e s t i n g  results are noted. 

or decomposition thecrem o f  s u b - d i f f e r e n t i a l s  on R"[ which ' 

( s a y s  t h a t  under c e r t a i n  general c o n d i t i o n s  on a convex functi .an,  every 

X*  E: afix can b~ decnmpocjed i n t o  
0 

... 
where r 5 n+l ,  L ai - 1, a > G, X? E 2 fs ( X " ) '  S .  E So( io )  For d e f i n i t i o n  

i=l 1 I i 

) . Decomposition theorems 

a r e  h e l p f u l  t o  spproximation theary. I n  t h i s  regard, a good se fe rence  is 

L-win ( 2 6 ) .  

For some characterisations o f  Eanach spclces on which a l l  coiltinuous 

convex func t ions  a r e  Frgchet  d i f f e r e n t i n b l e  (such spaces are c a l l e d  

Asplund spece)  see Phelps  (27) and for some c h a r a c t e r i s a t i o n s  o f  weak 

Asplund -?acps, i.e. spaces on w!-ich a l l  cont inuous convex func t ions  are 

Gauteux d i f f e r e n t i a b l e  see (28) .  

I l i k e  t o  thank s p e c i a l l y  t o  Mehar La1 and V.Y.Shanna who rnana)-,ec! 

t o  type  this with  g r e a t  patience and care; I a l s o  i i k e  t o  t h a n k  

T.Parthasarathy and Students  of Indian  S t a t i s t i c a l  I n s t i t u t e  who encourajei 

me quite a l o t  by a t t e n d i n g  these l e c t u r e s .  

June, 1980 

New Delhi  L. K. Raut 



Lecture 1 

Convex C ~ t s , A f f i n c  Sets, Sppscicm Theorems, Krein-Milman Theorw -..' - --- --- 

Def in i t ioc  --W-.. 1.1s - ---- A v ~ c t o r  -- space over a field K ( d s o  cd led  a l i n e a r  

spece over a f i e l d  g ) ,  is  9 s e t  L having two bperat ions - vcctor 2ddit ion 

and s c a l a r  multiplication - s s t i s f y i n g  t he  following: 4 x,y ,z  E L ,  a E K 

x+y E L 

(x+y)+z = X+ (y+z) 

t he re  mists O c L sa t .  x+O = X V X e L 

4 X E L, d!-x) E L s a t .  xi-(-X) = O 

x+y = <  y+x: 

a X EEL 

a (x+y) = ax+ ay 

(cx+f3)x = clx ;+ Bx 

(a B)  X = a ( $ x j  

Note tifcll. ( L ,  +) is an add i t ive  a b e l i a n  group bemuse o f  ( i )  thrortgh (v) .  

I n  our l e c t u r e s ,  we s h a l l  t ake  K = R .  

Example 1.2: Rn over m, over e t c .  

Def in i t ion  1.3: A subspace of L is  a subset  M set .  M i t s e l f  is  a l i n e a r  

space w.r.t. t o  t h e  opera t ions  of L. 

Def in i t ion  1.4: A C L is  s a i d  t o  be a convex set i f  whenever x,y e A end - 
0 - < a - < 1, then ax+(l-a)y c A acd A C L  is s a i d  t o  be a f f i n r  set  if - 

x,y E A and a E R ==> a x+(l-a)y E A. 

Note t h a t  an a f f i n e  set  is a l so  a convex s e t s b u t  not theother  way. 



Defini t ion  1.5: Let L and H be two l i n e a r  spaces over n;! . A 

t ransformation T : L + is m i d  t.3 be -- l i n e n r  i f  T(ax +BY) = crT(x) + @T(y) 

V x,y E L arid C( , B E R iZ 

I f  M a RC , we s h e l l  c s l l  t h i s  l i m a r  

t ransformation as l i n e m  funct ional .  

D e f i n i t i m  6. A transformation T : L .r . M ( L,M a r e  l i n e a r  spaces 

aver @ ) is s a i d  t o  be a f f i n e  transformation - i f  

Note t h a t  .I mapping which is l i n e a r  is a l s o  a f f i n e  but not t h e  o ther  way. 

Proposi t ion 1.7. Let L and M be l i n e a r  spaces ; over R and 

T : L + M be a transformation. 

T is s f f i n e  c===> T(x) = A(x)+b fo r  some l i n e a r  t ransformatioq 

A : L -+ M and some b E M. 

Proof: [===>l Suppose T is a f f i n e -  Set  b = T(0) and A(x) = T(x)-bo 

Note t t &  

A u x )  = T(*x+!l+> o)  - b = % T(x) + (1-4 - 3 )  T(0) = 3( A(r) 

A(x+y) = 2 A(?) = 2 (4 T(x) + 4 T ( y )  - b) 

= ~ ( x )  - b + T(y) - b 

= A(x) + A(y) 

Hence A is l i n e a r .  

[<===l: Let x,y E L ,  a E . Then 



D e f i n i L a n  &,€l : Let N be a proper  subspsce ( a f f i n e  mbspace )  o f  L, 

i f  whenever I( is  2 subspace ( a f f i n e  subspscc.) o f  L set .  N C M C. L,  

then  e i t h e r  K = L o r  K = :S:, 

D e f i n i t i o n  .- 1 - 9 :  Let f be a l i n e a r  func t ionn l  on L.  Then t h e  %ubspacc;." 

Nf = {~"(XI = (l) i s  c n l l e d  t he  n u l l  spice o f  f .  - 

Propos i t i on  -- 1.10: N is  msximsl proper  subspace o f  L c==> N is t h e  n u l l  spaco 

o f  3 n o n - t r i v i a l  l i n e a r  func t iona l .  

Proof;  [=S=>]: Suppasc N is a maximal proptir subspace. Then t h e r e  e x i s t s  

subspace wi th  N ::S propzr  subspace. So, K = L, Define t h e  f u n c t i o n a l  

Note t h a t  f i s  a n o n - t r i v i a l  1iner.r  f u n c t i o n a l  with Vf = N. 

;====l : Suppcse P! is  thk n u l l  space  o f  a n o n - t r i v i a l  l i n e a r  

func t iona l  f and l e t  K 3 N be a l i n e a r  subspace. We s h a l l  show t h a t  

K 3 L. 3] y E K set. f ( y )  = a t D ins. f(y) = l. Let y/a = yo. Observe 
a 

t h a t  {@y,+x : $ E R , X E N) G& K 2; L . Wc claim t h a t  

{B yo+x : B E R , X E N )  2 L f o r ,  l e t  z E L; de f ine  X = z-f(z).yo. So 

Thhus K = L. 

4.E.D, 

Remark 1.11: So t h e r e  is a 1-1 correspondence -between m a x i m a l  proper  

subspc?.ces and n u l l  spaces  o f  r ron - t r i v i a l  f u n c t i o n s i s  on L.  Srmuthtng more 

is t r u e ;  i n  f a c t ,  o maximal proper  subspnce is c losed  i f  and an lv  i f  t h e  

corresponding f is cont inuous (Topology is norm-topology). 



Tho f o l b w i n q  iiR" s &~m&~ris+kim of  fb. ~ n x i m i l .  Ipo.31~ur .~tfFii;rc- 13 

- w&&?ries. . - 

Propos i t i on  1012 :  H is maximal proper  n f f i n e  subsprce o f  L c==> H = M+a, 

M is some maximal proper  subspace o f  L and a is some vec to r  i n  L. 

Proof : Stra igh t forward .  -- 

D e f i n i t i o n  1.13: We d e f i n e  a hyperplane H a s  a maximal proper  a f f i x  

s u b s e t  o f  L. 

Quest ion:  Can we r e p r e s e n t  hyperplane H i a  terms o f  l i n e a r  f u n c t i o n a l s  as 

2 we do in R3 by alxl + sZx2 2 b ' a  X + a X + a X = b r e spec t ive ly?  ' l 1  2 2  3 3  

The fol lowing g ives  the p o s i t i v e  answer. 

P ropos i t i on  1.14: - H is  a hype rp lmc  i n  L c===> H = { z  E C ft.) = a) 

f o r  some a E 13 and some n o n - t r i v i a l  l i n e a r  func t iona l  f  on L .  

Proof: [===>l Suppose H is n h y p e r p l m e  i n  L. By d e f i n i t i o n ,  t hen  H is  a 

maximal ;.rapor a f f i n e  subspacc. c f  L c==> li = PI-m, M is some m a x i w l  proper  

subspace c f  L and a is some vec to r  i n  L (by P ropos i t i on  1.12) ,: 

===> M = {XEL : f ( x )  = 0) f o r  some n o n - t r i v i a l  l i n e 2 r  f u n c t i o n a l  f .  

[<===l :Se l ec t  a  zo E H and f i x  it. 

Define N = {X E L : X = z-z' z E H).  Note t h &  N = n u l l  space  nf  2nd 
C 

hence a maximal 

Coro l la ry  1.15: 

f u n c t i o n a l s  f t  s 

tue hyperplanes 

where <x,b> = 

proper subspace o f  L and H = N + z . 
o 4,E.D. 

We know t h a t  t h e r e  is  a 1-1 correspondence b e t w c e ~  linem 

X bi G=> H is a hyperplene. Moreover, e v ~ r y  t typaplonc  j i 
i=l 



i n  mn can bo r ep re sen t ed  t h i s  way w i t h  b and a unique upto a consoil ncr-  

zern  mu l t i p l e .  Thr. sbnve vec to r  5 is c s l l e d  t h e  normal t o  t h e  hyperplane W .  

Note t h a t  every o t h e r  normal t o  t h e  hyperplane W is e i t h e r  a p o s i t i v e  or 

nec,at ivt  s r - l -  1; ~u!!:i;ili. =>F 

Remark la: (1.15) and (1.16) m e  true for any f i n i t e  dimensional real 

vec tor  space. 

D e f i n i t i o n  1 2 :  (1 )  By t h e  tern - h a l f  spaccs determined by t he  hyperplane 

t.;(f,cl) we mean the sets { z  E L : f!z) 5 a] and {z E L : f ( z )  LCY} .  

(2) One s a y s  t h a t  H(f , a )  s e p a r a t e s  U end V-two s u b s e t s  o f  L - i f  U snd V - 
l i e  i n  oppos i t e  h a l f  spaces determined by H ( f  , a )  ; and 

( 3 )  One s a y s  ti(f,a) s t r o n q l y  s e p a r a t e s  U and V i f  t h e r e  exist 

U and V. 

Rsmark 1,19: Qbserva t h ~ t  s t rong  s e p a r s b i l i t y  r e q u i r e s  U 3nd V t o  be 

d i s j o i n t ,  The n a t u r a l  quzs t i on  a r i s e s ;  Is d i s j o i n t n e s s  s u f f i c i e n t  for  it? 

The answer is, i n  g e n c r s l ,  no. Following is an exnmplc t o  j u s t i f y  it: 

Example 1.20: Let L = 

Note t h a t  U and V a r e  d i s j o i n t .  But strong s e p a r a t i o n  is no t  p a s s i b l e  

F igure  beiow g i v e s  t h e  geomet r ica l  idea .  



Any topo log ice l  s tatements t o  be made here-af ter  w i l l  b~ n s r n  

topology, ufiless otherwise mentioned. 
1 

The f o l l s i i n g  theorem gives t h e  s u f f i c i e n t  condit ion fcr  t h e  existL,nzc 

of s t rongly  separa t ing  hyperplanes f o r  two s e t s  U and V i n  L: 

6- 
Theorem 1.21. (Strong Separation Theocem). Let U be,closed convex set 

. - - c - _  - -  - -  
d i s j o i n t  with a compact convex s o t  V ,  then t h e r e  e x i s t  2 hyperplme H(f,a& 

separa t ing  U and V s trongly.  

Proof: See c31. 

Let U be a s e t  i n  L. Then denote by 

U' = l i i r g t t  open s c t  contained i n  U 

= Ex E U : 2 zn open s e t  containing X and contained i n  U) 

- 
U = /) C ,  where in te r sec t ion  is taken over a l l  closed s&ts 

C t h a t  contain U. 

It's easy t o  v a r i f y  t h a t  i f  i,j is convex then VO and v a r e  a l s o  convex. The 
a S 

following is known separa t ion  theorem. 
A 



Theorem 1.22: (Separation Theorem); Sct  U and V he two convex subse t s  
- c -  C - -. - 

of L w i t t  UO # 4 and U' 0 V = i, . Thcn t h e r e  is :?. (c losed)  hyper plane 

t h a t  sepa ra tes  U ;md >. 
Proof: Follows from Hahn-Banach Theorem: See (3). The f i g u r e  belsw gives 

t h e  geometrical  content  of the theorem: 

Figure 1.2, 

Defini t ion:  1.23: L e t  U be a convex sct in L. We say t h a t  a hyperplane fi 

s u p p x t s  i ct X c U i f  X E H , ~d U is a s&set of one o f  t h e  ha l f  spaces - o 0 

determined by H 

, 
Corollary 1.24; ( S u j p ~ r t  Siieclrem) : Let U with U', # c) be a convex s e t  inL. 

Let xo E &UO. Then t h e r e  is a (c losed)  supporting hyperplane H f o r  U et X . 
3 

Proof: Take V = {x0} and U = U and appezl t o  theorem 1.22. - 
For xl, xZ E L ,  l e t  us  denote [xl, X ] = {a x,+(l-*) X*: 0 2 G 2 l} 

Defini t ion 1.25: Let K be a non-void subset  of L. A set M K is said to - 
be extremal subset  of  K i f  an i n t e r i o r  point  of  [xl.x2]. xl.x? E K ,  l i e s  i n  

K ===> x1,x2. E M. An extremal subset  of K cons i s t ing  of  s i n g l e  point  is 

c a l l e d  an extreme po in t  of K. 



Figure 1.3. 

Point  B ,  A ABC a r e  r-.xtrc-ix~l sul-,sets 

+he c cnvw ~ t t  K = .".?3C3. Furtl>k rr~yy 

the  s e t  cons i s t ing  cf pcLct B is an 

ext rne  point  of K. 

Example 1.26 (1 )  Let K = [a,b], i n  (a . Extrcmal scbse t s  clre : K ,  C L > )  , {bt.). 

Furthermore { a )  , {b)  a r e  t h e  two extreme points .  

extreme po in t s  a r e  : {a1 , {b) {c) .  

2 
( 3 )  K = S = closed ball i n  (RJ. 

0 Extreme points  are : X , X E K - K . 
2 Proposi t ion 1.27: A 4 , S and t h e i r  f i n i t e  dimensional a n z l o ~ u e s  

a r e  compact m d  emvex m d  they have extreme points .  Any point  i n  these  s e t s  

can be wr i t t en  a s  t h e  suQtable  convex combination of extreme pcin ts .  

Proof: See ' Naimark ( l ) .  

Remark 1.28: In  i n f i n i t e  dimensional l i n e a r  space analygues of above s e t s  

need not  be closed.  

Define convex h u l l  of E by smal les t  convcx s e t  containing E. 

Theorem 1.29: (Krein-~i lman) :  Every non-void compact convex s u b s c ~  K of L 

contains a t  lecist oneextreme point .  

Proof: See Naimark ( 1 )  f o r  a proof,  

Corollary 1.30: Every above t y p i  of  i.e. compact conoax) is t h c  closed ccnvex 

h u l l  of i ts  extreme points .  



Ccnvkx Flc?cticns 

I n  this l e c t . r e  we do not  need any topology 

e f i n i t i o n  2.1: Let U be a ccnvcx [ c ~ n v e x i t y  is ncel 

?n the  l i n e a r  

dcd f o r  the  2.. 

space L. 

f i n i t i o n ]  

s e t  i n  L.  A func t iona l  f : U --& @ U {m) is s a i d  t c  be convex i f  

V E C0,11, x,y E U, f ( a  X + ( l -a)  y)  a f ( x )  + ( I - a ) f (y ) .  

Defini t ion 2.2:  (1 )  The e f f e c t i v e  domain ( o r  simply douiain) cif f is t h e  

s6t dom f = {X E U : f ( x )  < a). 

(2)  The epigraph of f is  t h e  s e t  

Ef = {(x,y)  E ~ X j i l  : X E U, y E R a n d  y L f ( x ) ) .  

The following is  t h e  c h a r a c t e r i s a t i c n  of convex -functions i n  terms of 

convex sets. 

Propusi t ion 2.3: Let U be a convex set i n  L and f be a fumti r ,nc l  

on U. Then f is  convex C--j Ef is convex. 

Proof: StraiEhtforward. 

2.1 SOME PROPERTIES OF OONVEX FUNCTIONS 

P r ~ p o s i t i o n  2.4: L e t  U be convex subset of L and f be a convex func t iona l  

on U. 'ihon door i dlci 1;. E U : i ( x )  ( a )  z r e  convex, where a E R . 
Prcof: Immediate. 

Remark 2.5: F3r cont inui ty  p roper t i e s  and for  scnte d i f f e r e n t i a h i l i t y  

p roper t i e s  see t h e  subsequent l ec tu res .  

Defini t ion 2.6: One says t h a t  a convex function f is proper if  Ef # G .  

Exercise 2.7: Let L = R and U = p . Show t h a t  t h e  following funcrions 

a r e  proper convex. 



2.2 CCNERIITTON OF CON7,?EX FUNCTIONS 

M a y  operat ions on convex funct ions  preserve convexity. In  t h i s  

sec t ion  we i n v e s t i g a t e  a few such. 

Proposi t ion 2.8: Let U be a convex subset of: L ,  f : U *U {m) b? csnvex, zfnd 

9 :  R u { ~ }  +R U (W} be convex non-decreasing with $ ( m )  = OJ. Then h = ucf is 

3 convex func t iona l  on U. 

Proof: Let x,y E U and 0 I h (1. Since f is convex, w e  have 

f(Ax + ( l-h)y)  5 h f ( x )  t ( l -h ) f (y ) .  Now apply  4 t o  both s i d e s  cf this 

inequal i ty  .and ge t  t h e  r e s u l t .  Q.E.D. 

Proposi t ion 2.9: I f  f and f a r e  proper convex funct icns  on U then fcr 
1 2 

A h 0, hlfl + A f h convex. 
1 9  2 - 2 2 

Proof: T r i v i a l .  

Proposi t ion 2.10: Let I bz any index s e t  and f f o r  each EEI is ccnvex on U 
C1 

then f ( x )  = sup I fa(x)  : u s  I }  is a l s c  convex. 

Proof : Stl&$htfomrard. 

Proposi t ion 2.11: L e t  Ll,f2,...,f be p o p e r  c;nvex funct ions  c.n U a convex 
m 

subset  of L. Then following ,ire also convex funct ion  on U: 

(i) f(x) = i n f  {maa t i  (X 1, ..., f,(x,)I : X +...+X = X} 
1 1  1 m 

( i i )  g(x)  = i n f  { ( f  h .  + ... + f A ) ( X )  : h .  > 0, Vi 2nd h +...; I =l) 
1 1  m fi 1 - l m 

( i i i )  h(x) = i n f  {max {(A f )(X),. . .,(A f )(X)) : A .  > 0, V; 2nd 7' i.. . + X  =l? 
11 m m 1 - - i m 

( i v )  k ( x ) = i n f { m a x { A l f l ( x l ) , .  .., A f X } ) ,  m m m  

where 'inf' is taken over all r ep resen ta t ions  of X as a convex corhimt icm 

x = X x  +...+ X X .  
11 m m 

Proof: See R.Rockafellar (2 ) .  



LECTURE 3 

Continuity of Convex Functions 

3.1. Introduction 

In'  t h i s  l e c t u r e  we s h a l l  explore some i d t a s  r e l a t ed  t o  thc cor : t inui t j r  

of  convex funct ions  on NLS. Convex function ~f onc recl1 -J-ar%&le, is i ? > : 7 ? ~ ~ ~  

continuoils. The xwsult is not  t r u e  f o r  funct ions  on i n f i n i t e  dimer.sic.;lc;l 

vec tor  spaces; however, m y  convex function on an open subset  of g is 

always continuous. Then, n a t u r a l l y ,  one would l i k e  t o  ask : what is t h e  

s u f f i c i e n t  condi t ion  f o r  t h e  con t inu i ty  of a convex function cn m ~ 2 p a  

subset  of a NLS? WC s h a l l  inves t iga te  a l l  these.  

3.2 Continuity through r e s t r i c t i o n  on f .  L w i l l  be understood ,zs NLS 

unlcss otherwise s t a t ed .  

Proposi t ion 3.1. L e t  U be a opcn s e t  i n  L and f : U -t iff be cr:r;vsx. 12 f 

is bounded i-rorn above i n  cl neighbourhcod cf one point  X E U, tl. n it is 
0 

locz l ly  bounded; i.2, w c h  X E U has 1; neighbourhood on which f is bounded. 

Proof: ~ ~ e e  A.W.Roberts -I d D.?: . \ s rbcrp  p&. 91-92. 

L 
Def in i t ion  3.2 : A func t ion  r defined on m' open subs.;t (2 L is sa id  t o  he 

4 

l ~ c a l i y  Lipschi tz  i f  f o r  each X E U thor; ~ x i s t s  ;I neiqhbourhcod ?u' ( X )  and 
E 

2 ccnstant  K(x) s.t. y ,z  E N ( X )  
C 

and s a i d  t o  be Lipschi tz  on V C U i f  3 . -  K ,  indep&dant of x S. t. 

If(y)  - f ( z ) (  ( K /  ly-zl ( V y,z E V. 

Proposi t ion 3.3:  L e t  f bt: convex on an open set  B ir: L. If f is bourcloc! 

from abcve i n  a neighbcurhood of one point  of U ,  then 

( i )  f is l ~ c a l l y  Li'.pschitz i n  U ,  

( i i )  f is continuous on U;  a ~ i d  

( i i i )  f is Lipschi tz  on any coinpact subset  cf ?JP. 



Proof: Proposi t ion 3 .l ==> f is l o c a l l y  bounded. So, piven X E U ,  wc -- o 

can f i n d  a ncighbcurhood N (X ) s.t. f ( x )  is bcunded i n  t h i s  neighbourhood 
21 0 

say by M. :;C... ,"; nct:. t h - t  f is Lipschi tz  on N (X ). 
E 0 

( i )  ==> ( i i )  t r i v i a l l y .  

To prove ( i i i ) .  Let K C U 5c compact .- (i) ==> Y X E U; 3 open 

neighbourhood N (X)  and K(x) a . t .  I f (u) - f (y) l  c ~ ( x ) l / w - y l l ~  w,y E Hp (X) .  r 
X X 

Note t h a t  {Nr ( X )  I X D U) is an open covering f o r  K and hence t h e r e  is a 
X 

f i n i t e  sub cover,  say,  {N ( X  1) . Befine 
p.. l-i 

and note  t h a t  Y x,y E K ,  one has  

If(.) - f ( y )  l L K (  lx-yl ( 

C.E.G. 

Exercise 3.4: Let f be convex on the  open s e t - U - c .  Then f is Lipschi tz  

on ev.,rl:- compsct s u b s t t  s f  U and continuous on U. 

Exercise 3.5: A convex function f: (a,b) +g is a b s o l u t i l y  continuous 

on any closed sub in te rva l  of (a ,b ) .  For s e v e r a l  suggestions on the  extension - 

of the: not ion  of absolute cont inui ty  t 3  funct ion  of s e v e r a l  varic&les.  In 
csntelt C 

t h e  cewe-&m U cf convex f u n c t i o  Friedrnan (1940). 

3 . 3  Continuity through r e s t r i c t i o n s  on t h e  underlying space. 

Def in i t ion  3 . 6 :  A funct ion  f : U is s a i d  t o  be lower senici.ntinucus 

a t  x E U C L i f ,  given E > 0 ,  3 N(xo) s.t. Y X E A ( Q r  GDC L ~ C S  
0 

f(x) > f (xo)  - E. 

Praposi t ion 3.7: Let U be Gpen subset  of a Danach space L and f : U -+Q 

La lower semi continuous. Thcn f Is continuous on U. 



Proposi t icn 3.9. Suppose I : U -+@ h9s cmt inucus  support  rt cc), p o i n t  

of d Convex open se t  U i n  a Eanach space L. Then f i s  5 cor,tinuous cc2vcx 

Proof : See A .W .Robr;rts and D .E. Varberg , pp. 109. 



LECTURE 4 

D i f f e r e n t i a l  Theory cf Cmvex Functfons 

4.1 Introductiox-, 

In  t h i s  l e c t u r e ,  we shal l  d i scuss  vhz t  IS d i f f e r e n t i a t i o ~  cf a 

mapping from one normd  l i n e a r  space t o  another  normed l i n e a r  space. W C  s h a l l  

m e n t i ~ n  d i f f e r e n t  typcs  of d i f f e r e n t i a l  concepts and t h e i r  inter-~c;l_":icr:r~?ipz. 

These concepts 2nd r e s u l t s  w i l l  be u s e f u l  i n  s tudying  extrcmux p r b l c - 1 s  5 

convex func t ions  under d i f f e r e n t i a b i l i t y  assimptior: and -nnder w i t h - u t  

d i f f e r s n t i a b i l i t y  assumption. We s h a l l  d d u c e  some i n t e r e s t i n g  d i f f w : r t i . : l  

prc;ptrties possessed by convcx func t f ans  . 
4.2 Different types  c;•’ d e ~ i v a t i v e s  

Def in i t i on  4.1: L e t  f : L -> R U {-l bc m y  i -mctinn.  L e t  xi, E ~i li:r ? >  

17 L t hen  tn- one s ided  d i r e c t i o n a l  i e r iva t ivc ;  of f  ~t X i n  t h e  dircc-t  i C- v, i:, 
c 

f ( x c t  AV) - f (xo)  
E'  ( X  ,v )  = l ic + G 

h+ 0 
2, 

i f  it e x i s t s  ( ancl m e  allowed as l i n i i t s ) ;  and t h e  t w c  s ided  d i r e c t i o r a l  - 

i(x * i- AV) - f ( x o )  
f'(x , v )  = l i m  

0 
X-, 0 . A 

i f  it e x i s t s .  

Notc t h a t  when f l ( x  ,v)  e x i s t s ,  one has  f l ( x  ,v) = - f t ( x  -v) 
0 0 0 

The f o l l o w i n t  figuiie m=y he lp  tc v i s u a l i s ;   he sbove concepts.  



S p e c i a l  Cask a.2. Let L = end v  be m e  frm { el, e 2 ,  . . . 
pll,l t he  

standard bas i s .  Then t h e  corrisponding d i r e c t i o n a l  de r iva t ives  3 r ~  derict-cc! 

3 f  i 
by - (X ) o r  by f  ( X  ) when v  = e and t h i s  is c a l l e d  t h e  i - th  pzrtic71 

i>xi o i 
der iva t ive  o f  f a t  xo. 

-- 

Remark 4.3: From t h e  study of funct ions  of one r e a l  va r i ab le ,  we h ~ , i ~ e  

lezrned t h a t  t h e  exis tence  of ~ i l e s i d e d  de r iva t ives  a x  n o t  enillgtl *o el~sur.: 

t he  smoothness of t h e  curve a t  a point .  E.2 .  f ( x )  = !X\ ,X f sic c-- t h ~  

p i n t  X = 0. So, t h e  exis tence  of two sTdt3-d d e r i v s t i v c ' i s  nccesa: r? t c  m s u r  :. 

smoothness of  t h e  graph a t  a pc in t  i n  t h e  sense of making it p-)ssiLi: c 2  

'4 .X c 
approxirmte"the function ir a verv small neighbourhood of the poinr,by .a 

function uf t h e  form A(x) = f ( x G )  + m(x-X 1. The concept of above type u f  
0 

-t a 
smocthness gives r i s e  ,a cvncept of d i f f e r e n t i & i l i t y  called Frechet de r iva t ive  

define& below: 

But f o r  funct ions  cf s2vera1 var iables  <even t h e  existence d f - t h e .  - 

d i r e c t i o n a l  de r iva t ives  i n  ;,l1 t h e  d i r e c t i o n s  a t  a point  X . .  is  not encugh 
Ci 

t o  ensure t h e  smoc,thness of t h e  funct ion  a t  t h a t  point  i n  t h c  sense s t a t e d  

above. Following excrc ise  is t o  j u s t i f y  t h i s .  

2 
Exercise 4.4: Let f (x ,y )  = -++ if (x,y) # (3,O) 

X +Y 

Show t h a t  a t  (0,0) a l l  t l i e ~ d i r c c t i o n a l  de r iva t ives  e x i s t  y e t  f l ( 0 )  [defined 

below] dces not  e x i s t ,  



Question 4.5: What is t h e  su f . f i c i en t  cor id i t io~i  under which f '(X) e x i s t s ' ?  

For p a r t i a l  a s w c r ,  see (') of  remwk 4.14. 

Def in i t i on  4.6. Let U be an o p n  subse t  of L and f 1 '  -+ E .  We say f is 

Frechet  differentiable a t  x E U i f  t h a w  is a l i n e a r  t ransformat ion  
0 

T : i + M s.t. f o r  a l l  h E L o f  s u f f i c i e n t l y  ~ n r d l i  norn,  o m  !:as 

w$ere / l e(xo,h) l l - 0 a s  l l h 1 l + 0. This l i n e a r  t ransforn ia t ior  , i f  i t  

e x i s t s ,  i s  c a l l e d  Frgchet d e r i v a t i v e  of  f a t  x and is denoted by f t ( x  1. 
0 C: 

Sometimes k-e denote it by D f(xo). Equiva len t ly ,  i f  t h e r e  e x i s t s  a l ini :ar  

t ransformat ion  T : L -+ M s.t. 

Then f is  s a i d  t o  hnvc ~ r g c h e t  d e r i v a t i v e  a t  x . If f is d i f f e r e n t i a b l t  
0 

2% X t'; 2. Thm f is  s a i d  t o  be, d i f f f e ren t i ab l e  i n  C. One can shot; 

e d s i l y  ( t h e  fol lowing e x e r c i s e )  t h a t  when such 2 l i n e a r  transformtition c x i s t n ,  

it is uriique. 

Exerc ise  4.7.: Show t h a t  T i n  t h e  de f in i t i o i i  4.6 i s  un ique  whenever 

it e x i s t s .  

Remark 4.8: Let ( ( L ,M)  be t h e  s e t  o f  a l l  l i n e a r  t ransformat ions  from t h e  

normed l i n e a r  space L t o  t h e  norlm l i n e a r  space M, 2nd l e t  us  denote by 

B(L,M) t h e  c l a s s  of  bounded ( equ iva l en t ly  cont inuous)  l i n e a r  t r a t s f o r m a t i o n s  

from L t o  M. Then f '  is  noth ing  b u t  a nappins  

I? : L T  + Lin(L,M). 

Xote t h a t  f o r  X E LJ, f f ( x 0 )  may not  bs continuous. Natura l  ques t ion  rll.is:?i: 
0 

 hen i8 E' ( U )  C D(L ,M)? The fo l lowing  theorcm answers it. 



Wamir,~;: We arc  not  t a l k i n g  risout t h e  cont inui ty  of the  d i f ferer - t ic :  

opera tor  fP. 

Theorem 4.9: f l ( x c )  E B(I,,M) c===> f i s  continuous a t  x C) . 

I 1 f ' (xo) l l - <a Now, by d e f i n i t i o n  of  f '(X f o r  h of small  ncrm ir! L,, W i;dvi? 
3 

So whenever 1 1  1 + 0 I If(xo+h) - f (xo)I  

Let h be very near  t o  0. 
n - 

is  continuous. 

I I I '  l& I1 I I L  
> 0 3s hr: -> 0. Hencc f l ( x  ) ;.S continuous a t  0 and SO, f l ( x  )h ---- 

o n n C 

thus continuous V h E L. 

Q.K .F. 

Rcmark 4.10: Theorem 4.5 is  re levan t  i f  cne car. produce an cxample r C  a 

funct ion  which is not continuous a t  some p i n t  but  d i f f e r e n t i & l e . -  One SUCFJ 

fimction is an given i n  example L l . 1 1 .  I n  t h i s  connection, we shckld :;otc t h a t  

s ince  Lin (:,,H) B(L,M) i f  L and M are f i n i t e  dimensional, s o  t h e  d i f fe ren t i a -  

b i l i t y  of f a t  a point  implizs cont inui ty .  
03 

Exanple 4.11: Let L = B = {y = [xi; : 1 (x i ]  < "1 with the  "no?rl' 
2 C 

i=l . . 

1 1  {xi;i)= sup {(xil . i = 1 , 2 ,  ... 1 . Let T : k 2  ----be defined by 
CG 

T({xi)) = 1 X . .  I t  is easy t o  check that T is l i n e a r .  T is not houndd ,  f o r  
1 

U. , consider  t h e  sequence 1% S , 



So t h i s  is an example of a funct ion  not continuous at a point 

bug d i f f e r e n t i a b l e .  

The following proposi t ion  r e l a t e s  ~rgchet derivaTivc t o  

d i r e c t i o n a l  de r iva t ive .  

Proposi t ion 4.12: Let U be open i n  L and f : U --) l&&. If f has ~ r < c h e t  

d e r i v a t i v e  a t  X g U then f has * a l l  two-sided d i r e c t i o n a l  de r iva t ives  m3 
0 

= f ' ( x o ) ( v ) t  0. 
3.E.D. 

Henceforth, whenever we t a l k  about de r iva t ive  of f ,  we assume f is continuous 

unless otherwise s t a t ed .  Note t h a t  f V ( x o )  as xO var i e s  over ii can be thought 

of a s  a mapping f' : U ++ B(LTM). Domain of f' is t h r  3 .3  of t hose  ::G U 

for  which f '(X e x i s t s  and bounded. This mapping w i l l ,  h e n c c f ~ ~ t ? ~ ,  be c a l l e ?  
0 

" d i f f e r s n t l a l  operator? The quest ion t h a t  n a t u r a l l y  comes t o  one ' s  nind: 

Is t h e  d i f f e r p t i a l  opera tor  continuous w . r . t .  t h e  induced norm t q m l o ~ y  on 

B(L,M)? In t h i s  connection see  Remark 4.14. 

Def in i t ion  4.13 : I f  f o r  a f : U ,*bS M ,  t h s  d i f f e r e n t i a l  opera tor  f ' is 

1 1 
continuous we say t h a t  f is of c l a s s  C (I]) o r  simply f € C  . . 



n m 
R 4.14. For f : -+ , we can take  any norm for B( Q , R ) 

(since for f i n i t e  dimensional vector  spaces any two norms are ' 'acpivalent" - 
i.e. inauce t h e  same topology). k convenient way of g iv ing a norm t o  

E'(x ) is t c  consider  t h e  standard S a s i s  and def ine  
0 

af i  n m I 1.  ( I is a norm i n  B( , p). Whenever a l l  p z r t i a l  d e r i v a t i e e s  
j 

e x i s t  a d  are continuous on U ,  then f 1  e x i s t  on U and by above choice of 

1 l the  n o m ,  f G C (U). * So, f & C (U) whenever a l l  p a r t i a l  de r iva t ives  
a f - e x i s t  2nd a r e  continuous on U. 
ax 

j 

4.3 Higher Order de r iva t ives  

1 Silppost 2 E C (U). Note t h a t  B(L,M) i s  z norm--* ~ ~ T : L E  space, 

I 
so we can t a l k  about t h e  d i f f e r e n t i a b i l i t y  of  f f :  U4B(L,H) .  If f" = ( f ' )  

e x i s t s  a t  a point  X U then f"(x ) w i l l  be an element of  B(L,E(L,K) 1 
0 0 

which iz unique. Such m o p e r a t w  is  cdl led  t h e  2nd order  de r iva t ive  of f 

a t  xo. I f ,  noreever, ft': U -+ B(L,S(L,M)) i s  continuous then  one says t h i t  

2 f E C (U) C:. f is of ~ ~ - c l ~ s s .  In t h c  same way onc c-n ds f ine  tire r - th  order  

de r iva t ive  of f (denote by f(')). But ohserve t h a t  f ( r ) ( x o )  w i l l  be an 

elemerlt i n  a complicated space l i k e .  

B(L,B(L,. . . R ( L , B ( L , ~ .  . . H ,  

which is very cumbersome t o  d e a l  with. I h ~ t  l i f a  i s  c o t  s o  bad. WE s h a l l  

e s t a b l i s h  a l i n e a r  isomorphism between t h e  above space and 3 simpler  space 
F 

0% S namely t h e  space r -mul t i l inear  mappings as defined below. 

I\ 
Defini t ion  4.15. Let L ,  L ,L , . . .L a r e  n + l  l i n e a r  spaces. k :  :rap 

1 2  n 



except one .are he ld  f i x e d ,  it is l i n e a r  i n  t h e  independent v a r i a b l e ) ,  is 

Example 4i16: L e t  L, = L = ... = L = L =rd . I t ' s  e lementwy t o  check 
l. 2 n 

t h a t  t h e  rinpping (xl  ,x2 $. . . ,X ) x 1  x2 . . . X is a n-mul t i l i r i i a r  map. 
II n 

n n 
Example 4.17. Consider nxn mat r ices  as elements from $X W X ... X 
A W c o n s i d e r  t h e  napping 

M(.) = d e t  ( . l  

Then M is  an n-mul t i l inear  mapping. 

[Hint: Usc t h e  f ac t :de t (A)  = all All t all A21 + . .. t a A = a l ' ~ . l , ;  
n l  nl 

1 
where a is the  first column of  A m d  A ' .  1 = (A119A21,. . . , A ) v e c t o r  

nl 

of CO-factors  (a ll,..., e 1. Hote t h a t  El is  no t  l inear.]  
n l 

Now we s h a i l  prove t h  l l ixa r  isomorphism bt twesn t h e  above 
- . - ---- 

s a i d  s w x s  f o r  r = 2 .  Fc? g c c t r a l  c z s ~  a l s o  t h e  same prcof gobs through. 

Let M2 (L1 X L L) be t h t  " l i n e a r  space" -(with pointwise i d d i t i m  and 2 ; 

s c a l a r  s u l t i p l i c a t i o n  i n  t h e  n a t u r 4  way) ~f continuous b i - l i n e a r  naps 

from L X L t o  L ,  where L 
1 2  

L2 L are NLS. 

Theorem 4.13: There c x i s t s a  l i n e a r  isomorphism between M (L r L 2 ,  L) and 
2 1 

B(L1, B ( L 2 , L ) ) .  

?roof: Let u s  c o n s t r u c t  a mapping : B(L1,B(L2,L)) + X2(L1 X L?, L) by 

- 
A + @(A) = A ,  where is  def ined  i n  t h e  fo l lowing  way: f o r  given 

xl& Ll, A w i l l  a s s o c i a t e  an element say A(xl) i n  B(L2,L). Row, l e t  

x 2 E  L2 be taken t o  A(x )X i n  L d e f i n e  r ( x  ,X ) = A(x )X as obts jned  by 
1 2  1 2  1 2  

the  above way. 



- 
Clzim 1: A E M (L x L ',L) wfi! :h is  t r i v i a l .  t o  vmi.fy. 

2 1  2 

is  1-1 and onto. V ~ r i f i c a t i o n  is pa tho log ica l ,  

S imi l a r ly ,  

Claim 3: + 

C l a i m  4: 

Rernarlk 4.19: Because oi' &ovt theorem, t h e  2nd o rde r  d e r i v z t i v e  of a r.?p 

f : iJ + M  can be i d e n t i f i e d  with a . b i l i n e a r  ope ra to r  fr0m.L X L 4  M. 

Sirn i la r iy  f'l') is an F-mul t i l inear  mapping L x L X . . . x L --, M. The 

fol lowing theorem su ;>pl ies  even a s impler  form f o r ' 2 n d  o r d e r  d e r i v a t i v e  f o r  

a func t ion  f :  P" -+ R i n  terms of n a t r i x .  ietJIn = t h e  space of 211 nxn 

r e a l  mat r ices .  

P r c p o s i t i m  4.20: There is a " l i n e a r  isomorphismt1 bctwcen 15(  pn,x &p R) 

Proof : Construct  ion  : L e t  1 el , . . . , 
en3 

be t h e  s tandard  b a s i s  for [pr1 
n l e t  h ,  L k - R .  Then t h e r e  e x i s t  unique h k = l  n s.t .  i ' 

k = k  e  + . . . + k n e n  .- 1 1 

Let. M E M ~ (  (Qn X @ 1. Then 



where r .  = M ( L ~ , J  ), j , i  = 1,2 ,..., n which art- indeptndent of 1. m d  h.  
j 

rv. 1-j 
\ 

Let A = ( (a . . ) )nxn.  Define the  m-pping 
1 3  

It 's pa tha lca ica l  t o  v e r i f y  t h a t  f$ is  2 l i n e z r  l i j e c t i o n .  9 is  smt inuous  

owing t o  t h e  f a c t  that: ' l ;  is a l i n e a r  map from one f i n i t s  dimensional NLS 

t o  another. f i n i t e  dimeilsional NLS. Q.E.D 

n 
Exercise k.21: Let f : j 'IQ. Suppose fl '(x) e x i s t s  a t  X .  Shori 

t h a t  f t s (x )  has t h e  

H(x) = 

associa ted  r n a t r i ~ .  

H(x) is c a l l e d  t h e  Hessian matrix of f at X. 

Defini t ion 4.22: A E M2(LxL,M) is  s a i d  t o  

Y k ,  h E L;  and f o r  M = R it is s a i d  t o  be- 

non-negative d e f i n i t e )  i f  A(k,,h) > @ (rcsp.  
-. 

ir 
The following Theorem very useful .  

A 
1 

be symmetric i f  i i ( f i , k )  = ~ " ( k , h )  

p o s i t i v e  d e f i n i t e  Cresp. 

> O ) t ' h E L .  - 

Theorem 4.23: L e t  f  : U + l4 be of CI class. Then f s 7 ( x )  is synmetl-ic 

whenever it e x i s t s .  

Proof: See (3) 



Theorem 4.24: (Tciylor's Theorem): Let  I1 'uc ampen convcx subsct of L, 

1 
f :  U-+ bc C (U) class and f ' y x )  e x i s t s  V X U. Then f o r  m y  

X ,  xo F U ,  t he re  is ;:E S G ( 0 , l )  sat. 

where h = r-x . 
0 

Prcof: See K.R.Parthasarathy ar~d k j e n d r a  Bhatia, 152-153, where they 

g ive  a proof f o r  mark gencral izcd version of it. 

4.4 Convex i'unctions and Dif ferent  Derivat ives:  

In t h i s  sec t ion  w e  shall present  some theorems c h a r a c r e r i z i ~ g  

convex funct ions  on ( L ,  1 1 .  l 1 )  .with the  help of f i r s t  and second o r d c ~  

ver iva t ives .  

Thaorem 4.25 : Let U be x i  open convex subset of ( L ,  I 1. I 1 ) and l e t  

f : U + 1j, bc convex and d i f f e r e n t i a b l e  a t  X E U. Then V X E U .  
G 

f(x) - f (xo)  ) f ' ( x J  (X-xo) 

tkrsovc - , Suppose f' (X) 2 x i s t s  '7' X E U then V X, X .a L- 
3 

f ( x )  -.F(x ) > f t ( x  )(X-x ) <===> f is convex on U .  
0 - 0 0 

(S t r i c t  inequa l i ty  r o r  s t r i c t  convexity).  

Proof: Suppose f is convex on U snd differentiable a t  x E U. Then E a r  
C 

i.e. f ( x  t Ah) -f(x0) h(f(x0th)  - f ( x 0 ) ,  where h = X-a; 
0 



Let t ing  h -+ 0 e s t a b l i s h w  t h e  1st p a r t  of the  t h e o r t n  

t f (x l )  + ( 1 4 )  f (xp)  - bv hypothesis.  

Q.E.D. 

Remark 4.26 : The iirst p a r t  of t h e  above theorem 4.25 c m  be mad<. veaker 

i n  t e r n s  of d i r e c t i o n a l  de r ivz t ives  ( c f .  thsosem . We hzve, f o r  conve;. 

functions of one real var iab le ,  1 rw .u l t  t h a t  f l t (x )  i s  monotonically incrcas-  

ing function of X. Can't we have an anciiogue of this : yes,  a s  follows: 

Defini t ion 4.27: Wc say t h a t  a map F : L + Lin ( L ,  R ) is  onot tonic 

increasing i f  V x ,y  E L ,  we have 

and s t r i z t l y  monotonic increas ing i f  V x,y E 5 ,  X f y 

(F(x) - F ( ~ ) ) ( X - ~ )  > 0. 

Nclte 4.28: 'TLis ccricsp'i w i l l  kc  f u r t h e r  general ized f o r  ' r e l a t i c n s '  i n  t h e  

m x t  l e c t u r e .  See d e f i n i t i o n  5.7. 

Theorem 4.29 : Let L? be open convex subset  of L and l e t  f  : iJ -+ R be  

continuous and d i f - fcrent iablc  on U. Then f is convex on U <=>fl (cB(L,  R 1) 

is  monotonic increas ing on U. 

Proof C ===>l p a r t  follows from theorem 4.25. 

[<==== 1 : Suppose E '  is monctonic increasing.  Fix x,y E U 3 r b i t r x y .  

We want t o  show f o r  a  E (0,1), f ( a x  f ( l -a)y)  - < u f(x) + ( l - a )  f ( y ) .  

S-'! 

Define 3: [0,1! -+ \k by 

+ ( a )  = f ( ax+( l -a )  y ) .  



Clzirn l - $ ' (Q)  i s  mcnotonic inc. Zasing, f o r ,  l e t  O u < (A,  L l m d  - 1 

U = u X + ( l - a  )y U = ci X +( l -a2)y .  So, u -U = (a2- u )(X-y) and 
1 1 1 2 2 2 1 1 

0 - < ( f r ( u 2 j  - f r ( u  )(U,.,-U 1 = ( a - ) ( f t ( a 2 j  - f I ( u l ) )  (X-y) 1 L 1  2 u1 

--- ---> mf(ci1) = f l(ul)("-y)  5 fT!u2)(x-y) = 01(0+2) (by c h - i r  r ~ ~ l e ) .  

Hence t h e  claim 1. 

,;laim 1 ===> $ ( a )  is wnvex. Thus 

The following is  a cha rac te r i sa t ion  i n  terms of 2nd order  d e r i v ~ . t i v r .  

Theoreo 4.30) Let tJ be a.> open convex set. i n  L -nd l e t  f :  U + R !,L S .  t . 
f E c ~ ( u )  and f " (x )  ( E  M2(L X L ,  1) e x i s t s  V X E U. Thci:, 

f i 5  convex on U C===> f" (x)  is nan-nsgztive d e f i n i t e  V X E ii 

( s t r ic -L eonvcxity <===> p o s i t i v e  d e f i n i t e ) .  

Proof: [ <=== 1 Su, pc;se f W ( x )  i s  n.n.d. V x E . Lct X E IJ be a r b i t r w p .  
0 

By Taylor ls  theorem (Theorem 4.241, 

i f(xO+h) = f(x + f l ( x  )h + - f " ( x  +sh)(h ,h)  fo r  s m c  S L= ( 0 , l ) .  
0 0 2 0 

> t ( x o )  + f l ( x  )h (by hypothesis) .  
0 

Appeal t o  theorenl 4.2:) s l y 5  t h a t  f is convex. 

===>I  Suppose f is convex. Fir. x E U a d  h E L m h i t r ~ a r i l y  

and def ine  a function g : 2 + 9 by 

g ( t )  = f(x + t h )  

Observe t h a t  g ( t )  is convex i n  same neighbourhood of 0. Now, by composition 

r u l e  f o r  d i f f e r e n t i a t i o n  

g l ( t )  = f l ( x  + t h ) h  

g" ( t )  = f l ' (x+th)  (h,h)  



: 28 : 

For convl:x func t ions  g ( t )  of :mc r e d  v a r i a b l e  we know t h a t  gn ( t )  2_ O 

i n  i ts  domain. So, i n  p a r t i c u l a r ,  

gW(O) = f f l ( x )  (h,h) l @  

Since  X and h a r c  a rb l -Wi ry ,  t h e  proof 

a l l  i n e q u a l i t i e s  are t o  be r e p l w e d  by 
I 

i s  complete. (For  s t ~ i c t  z ~ n v e x i t y  

s t r i c t  i n e q u a l i t y ) .  

Q.E.5.  

The fol lowing is t h e  suppor t  chara.cter) isat ion c;f t h e  convex 

func t ions .  

Theorem 4.31. Let U be ?.n open subse t  of L and f : U + . Thi-., i is 

convex on U c===> f has support  a t  each X E U. 

Froof: [ <=== 1: Let x,y E U and f o r  o E ( 0 , ~ ) ~  L e t  xg = CLX t (l-A) 17. 

L e t  ~ ( x )  = f ( x  ) + ~ ( x - x ~ )  be t h e  a f f i n e  func t ion  t h a t  suppc r t  f -,t X - ,  
0 

C& 
where T is. l i n e a r  f u n c t i c n a l .  Then 

C c=== 1: Lef t  as an exe rc i sz  t c  t h e  reader .  

Exercise  4.32: Le?: f be convex on an open subs,?t I! L and at xr, E: FJ, 
., 

f l ( x  ) e x i s t s  then  i has th.1 unique support  at r given by ~ ( x )  = f ( x o ) + t ' ( x o )  
0 0 

(X-X'). 

Exercise 4.33: I n  t h e  pmvious  e x e r c i s e  i f  L = , then  f has unique suppcr t  m" 
st X G = = >  f is ( ~ r & h e t )  d i i f i r e n t i z b l e  z t  X . 

0 0 

So e x e r c i s e s  4.32 ;nd 4.33 g ive  i necessary  and s u f f i c i e n t  

condi t ion  f o r  ~ r & h c t  d i f f C ? r e n t i ; b i l i t y  o f  z ccnvex func t ion  on G* m d  the 

fol lowing e x e r c i s e  ensures  t h e  Frechet  d i f f e r e n t i a b i l i t y  a.e. 

Exercise  4.34: Let f : U + 12 be convex on an  pan s e t  U in T h a  

f i s  (F're"chet) differentiable '-: . .c X i n  U. 
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WC concludc t h i s  l c c t u r c  by g iv ing some morc d i f f w c n t i a l  

proper t ies  of convex functions i n  terms of  d i r e c t i o n a l  de r iva t ives .  An 

important prcpcrty of COUVLX funct ions  is t h e  existence of d i r e c t i c n a l  

de r iva t ives  a t  a l l  po in t s  of t h e i r  e f f e c t i v e  domains. 

Theorem 4.35: Let f  be convex on an open subset  U of L. Then t h e  following 

a r e  t rue .  

(i 

( i i )  

( r i i i )  

( i v )  

Y X E U ,  v E L, F:(x;v) e x i s t s  

V x , x  E U ,  f (x ) - f (x  > f l ( x '  X-X) 
0 G - + G 9  0 

f  - ' (x;v) f;(x;v) 
S .  

f l ( x ; v )  is p o s i t i v e l y  homogeneous sub-addit ive funct ion  i n  v, :.c. + 
f;(x; AV) = Af:(x", V )  .U h > 0, V E L -2nd 

f 1 ( x :  v +v 1 5 f l ( x ; v  + f;(x; v*).  + 1 2  + 1 i L 

. . 
Proof: i L e t  u s  prov-? f i r s t  when L = . L e t t l < t  < t g . , . t  a n d ?  

2 1 2 

arc i n  dom f .  Since f is convex, 

Combining, 

This implies,  V t e dom f ,  



is i l e c r e ~ ~ i n g  a s  A crlecrcases ( i f  t s i g h t  end point  of dom f, then  t h i s  

quctent is i d e n t i c a l l y  equal t~ ,a ,w.r . t .X > 0). f;(t)=f;(t,l) = 

lim f(ttA)-f(t' V t E dom f. For genera l  space L ,  define for X E dom f 2nd 
A+O 

A 

Note t h a t  $:(0) = f;(x;y). Existence is provided by previous stop. 

Hence (i) is  proved. 

(ii) By d e f i n i t i o n  

f;(xo, X-xo) = l i r n  
f(xo + h(x-X,)) - f(x 

0 

AJ.0 X 

l i m  hf(x) - Af(xo) - 
X +0 h 

= f(x) - f(xa). Hence (ii). 

is immediate. 

p o s i t i v e  homcgeneity is t r i v i a l  t o  va r i fy .  For sub-addi t iv i ty ;  

< l i r n  f(x + Ay) - P(x) + f(x + AZ) - f ( x )  - 
ACO h 

: f;(x,y) + fi(x.2) Hence (iv). 

Q.E.D. 



LECTURE 5 

Silb-differe;. t i  1.L Theory of Convex Func t ims  

5.9 Introduction:  

In d i f f e r e n t  + p l i c a t i o ~ l s  we  'see t h ~ t  supror t ing  hyperplanes 
L 

t o  cc)nvex s e t s  cdn h: en!;\l(iyed i n  s i t u a t i o n s  where t m g e n t  kyperplanes, 

in t h e  sense of t h e  c l a s s i c a l  theory of smooth surfaces ,  do not  t:xist. 

S imi la r ly ,  s u b g r a d i e n t s  o f  convex funct ions ,  which comespond t c  support ing 

hyperplanes t o  epigraphs r a t h e r  than tangent  hyperplanes t o  graph, w e  

of ten  use fu l  where ordinary g rad ien t s  do no t  e x i s t .  

The theory of s u b d i f f e r e n t i a t i o n  of convex funct ions  is  3 

fundamental t o o l s  i n  -The analysis cf extremum prob lem,  For s 3 w  ~ l ~ m e r i t ~ i ~ > -  

app l i ca t ions ,  s e e  next l ec tu re .  

Notations 

- . ,- , L : s topologica l  vector  space 

L&: dual  space of L ;  i . e .  t h e  s e t  of all conftinucus l i n e a r  
funct ionals .  

<x,x*> = x*(x), X* E L*, X E L. 

Defini t ion  5.1: Let r : L ii/;j U be a propor convex funct ion .  A 

f ( y )  t f ( x  ) + <y-X x p  V y  E L.  
0 0' 

This says t h a t  f ( x  ) is f i n i t c  and t h a t  t h e  graph of the a f f i n e  funct ion  
0 

A(y) = f(x ) + <y-x xZ> is a 'non-vert ical '  support ing hyperplane a t  
0 0' 0 

( X  ,f(xO)). O r ,  i n  othrrwords, A(y) is a support  of f a t  xo. Figure below 
0 

may help t o  v i s u a l i s e  it: 



I 

X 
0 

f i g u r e  5.1 

D e f i n i t i m  5.2: Let af(x)  = (X*€ L'& : X* is  3 subgradient  of f at X E L) . 
If a f (x )  # then  f i s  s a i d  t o  be sub-di f ferent iable  a t  X. 

The s u b - d i f f e r e n t i d  of f  is t h e  multivalued napping ( i . t : . ,  

a r e l a t i o n )  which ass igns  t h e  s e t  a f ( x )  t o  ench X. i . e .  ..af: L -+ L* is 

a mul t ip le  valued mpping.  We s h a l l  c a l l  t h i s  mapping a s  s u b d i f f e r e n t i a l  

( c r  subgradient)  opera tor  of f .  

Def in i t ion  5.3: If t h e  above subgradient cpera tor  is s i n g l e  valued t h e n  

it w i l l  ba c a l l e d  t h e  gradient  opera tor  o f  f and a f (x )  w i l l  h e  c z l l e d  t h c  

gradient  of f 2t X. 

Remark 5.4: (1) If L is a Bannch space,  then the not ion  of gradient  is 

equivalent  t o  t h a t  of  t h e  ~ r g c h e t  de r iva t ive .  

( 2 )  Not& t h a t  a f (x )  is wc,.kfi - i210scd convex s e t  i n  L't. 

Remark 5.5: The s u b - G f f e r e n t i a l  a t  X is a l s o  soraetirnes c a l l e d  general  

d i f f e r e n t i a l  st X. The advmtage o f  t h e  present  t reatment is t h a t  L need 

not be a Banach space,  and f need not  be ~ r e ' c h e t  d i f f e r e n t i a  . E.g. 

f ( x )  = 11x1 1 , ; 5. is convex but  not  'Fckh7-t d i f f e r e n t i a b l e  i n  many 

of  t h e  Banach spaces. 



WC s h a l l  i n v e s t i ~ a t s  h e r s  t h e  fcl lowing problems: 

(1)  When a f ( x )  c x i s t s ,  i .e .  # C  ? 

Also, i n  t h i s  conn*xtion,  wc s h a l l  i n v e s t i g a t e  t h e  problems cf character isz-  

t i o n  of sub-di f ferent ia l  mappings a s  some s p e c i a l  Q p e s  of "binary r e l a t i o n s "  

i n  L x L*. O r ,  i n  otherwords, necessary and s u f f i c i e n t  condi t icns  w i l l  be 

sought i n  order  t h a t  a multi-valaed mapping w i l l  be t h e  sub-d i f fe ren t i a l  

mapping of a prcpcr  convex function.  . .. ' "  _ 

5.2 P roper t i e s  and a chmac te r i s i i t ion  of t h e  S u b d i f f e r e n t i a l  map. 

Def in i t ion  5.6: A convex function f is  s a i d  t o  be closed i f  f o r  e x h  

B E  tR) C L :  E(x) < U )  is closed.  
.. - - 

The following is a geometrical i n v z s t i g a t i ~ n  f o r  convex 

 function^ of  one r w l  v a ~ i a b l e .  Tkc  foliowing w e  sketches of t h r e e  convex 

functions and t h e i r  sub-df f fe ren t i a l s  (identified 2s t h e  s lopes  ol t he  

dom g = [l, ) dom h = [1,4) 

i 

Figure 5.2 



Xote t h a t  f and g ar>c closed whereas 1: is not .  I n t u i t i v ~ l y  

one can s e e  t h a t  t h e  propert$.of closcdness of a convex funct icn  has 

sometl:ing t3  ~o with i t s  beflaviogr a t  t h e  boundary of its domain. ( I n  f a c t ,  

a convex funct ioc  f on I is closed <==> f is continuous a t  each end p c i n t ,  

where I is an i n t e r v a l  of t h e  s e a l  l i n e ) .  About sub-d i f fe ren t i a l  msppings, 

note  t h a t  i n  each case - the  graph of t h e  sub-d i f fe ren t i a l  mapping is 

continuous increas ing curve with v e r t i c l e  2s  wel-l a s  hor i zon ta l  segmznt?.  

For af and ag, both ends of t h e  curve recede uptc  i n f i n i t y  whereas, f o r  

ah it is not.  This phenomenon of convex funct ions  i s  r e l a t e d  t o  t h e  close$- 

ness of t h e  functions.  To make it poss ib le  t o  inves t iga te  above typcs  -F 

phenomenon appl iczble  t o  more genera l  spaces. Let us proceed as fc i lows:  

Defini t ion 5.1.. A r e l a t i o n  p on L X L2k is s a i d  t o  be monotone i f  

<y-X, yik - x>k> > 0 - 

whenever X& E p(x )  and y* E p(y) ; and it is s a i d  t o  be rriaxiincl mono-tslmc - 
of  r e l a t i o n  i f  i ts  graph i s  not prc,: ..ply contained i n  t h e  graph any o thc r  
,\ 

monotone r e l a t  icn. 

Remark 5.6: If L is  a B~nach  space, t n e n 2 f  of each lower semi continuous 

proper convex funct ion  f on L is a monotone r e l n t i o n ,  even it is maximal. 

But not  every monotone r z l a t i o n  a r i s e s  frcrn a .ccnvex funct icn .  ( I n  t h i s  

connection, s e e  theorem 4.29 l e c t u r e  4 ) .  For ins tance ,  every p o s i t i v e  d c f i n i t e  

l i n e a r  mapping p on a r e a l  Hi lbe r t  space is  a ( s i n g l e  valued) monotone 

re l a t ion ,  Rut, such a mtpping is t h e  si&-diffeeential  o f  a proper convex 

function i f  and only i f  it is a l s o  s e l f  ad jo in t .  Then n a t u r a l  quest ion a r i s e s :  

What a r e  t h e  p roper t i e s  t h a t  c h a r a c t e r i s e  t h e  r e l a t i o n s  a s  t h e  sub-different-.  

i a l s  of some proper convex functions? O r ,  i n  otherwords, f o r  which r e l a t i o n s  

P ,, we have P = af f o r  some proper convex function f .  To t h a t  end, 



Dafini t- 'sn 5.9: A r e l a t i o n  p or L X L 5  is s a i d  t o  t;e mcnztone cf degree 

n i f  it s a t i s f i e s  

> <:- , 7 -  - . . v.*? + ,.. + <X -X u b  + <X -X X+> 
G n3 11 2 1"l 1 G' o 

f o r  every s e t  of n + l  p a i r s  (ai,xr'), x c L, xXL E p(xily Vi = G3L, ..., n; 
1 i 1 

p is s a i d  t o  be  c y c l i c a l l y  monotone i f  it is  monotone of degrec n, f c r  all 

n > 0. Note t h a t  p i s  monotone i f  and only i.5 p is monotone o f  degree 1 

In  f a c t ,  p is c y c l i c a l l y  monotone implies p is  inonatcne whereas p is 

monotone =#=>p is c y c l i c a l l y  mcjnotone unless L is  an one-dimensional s p , ~ c z  

This l eads  one t o  t h e  following open problem. 

Conjecture 5.10: In t h e  case of L = 'f&n each rrel~&ion on L x L* whic:, is 

monotone o f  degree n is a c t u a l l y  monotone o f  a l l  degrees i . c ,  cvcl3cally 

The fcllowing theorem gives the  necessary and s u f f i c i e n t  

condit ion f o r  imbedding a r e l a t i o n  i n t o  the  sub-d i f fe ren t i a l  mapping qf 

some proper convex functions.  

Theorem 5.11: L e t  L be a topologica l  vector  s p a m ,  and p be a r e l A i o n  cn 

t 
L x L$<. 'Tilcn F c 6 ,  L, *- S-mc p. per canvex iunc t iur ;  on L c===> p is 

A 

c y c l i c a l l y  monotone. 

Proof: C ===>l p w t  follows from t h e  d e f i n i t i o n  

C <===l p a r t  : w.1.g. suppose p # Q. Fix  some X E L and X: E L" 
o 

with X* c o(xo) .  Def ine ,  f o r  each X E L ,  
0 

f ( x )  = sup {<X-X ,X*> t... + <X -X X*>) n n I 0' o 

where X$ E P ( x . )  for i = I.,2,...,n, and t h e  sup is taken over a l l  poss ib le  
1 

f i n i t e  s e t s  of  such p a i r s  ( X  X!). i ' 



Claim 2 :  f  is - -  . *  proper convex with a f  3 o . To prove t h i s  firs!: note  t h z t  

<X-X :& + .. . + <x1-x9,x:> is an a f f i n e  function i n  x f c r  a l l  such 
n' n 

f i n i t e  p c i r s ,  S:> f ( x )  > -m Y x E L. To show t h a t  f is  not  i d e n t i c a l l y  

Convexity of f follows from t h e  sub-addit ivi ty property of ' supt  operation. 

To show af Dp: Choose x and G* with E* E. a r b i t r a r i l y  and f i x  it. 

We want t o  show ;fi E ? f ( X ) .  Given E > 0 ,  by d e f i n i t i o n  of I' it foilows 

t h a t  t h e r e  e x i s t  a f i n i t e  number of p a i r s  (xi,xq) with xh 3. E p(xi) ,  

- - 
Set X k + l  = X and X* = X*, Then by d e f i n i t i o n  of f, w e  have f m  each X E L, 

k+l  

f ( x )  L <"-X 
3C 

X& > + <X 
k + l  "+l k+l -~k•÷xk> + . . . + <X l c o  -X ~ :+c> 

Now E > 0 is  a r b i t r a r y .  Hence 

Carollary 5.12: I f  p is a maximal c y c l i c a l l y  n~airntone r e l a t i o n  LI? L X L,*, 

then p = af f o r  somk propcr convex function f dn L. 

Proof: T r i v i a l .  

Corollary 5.13: If f is  any propcr convex function on L ,  the; t h e r e  e x i s t s  
1 

a proper function f 2  on i s.t. af a f  and a t  is a mnximd -.yciic;:lly 
1 2 2 

+notone r e l a t i o n .  

 mark 5.14: So what w e  have es t ab l i shed .  is 

t h a t  af  is  a mapping from t h e  s e t  of  a l l  propcr convex functic.z,s i q t c  L:!: 



s ~ t  of 11 c y c l i c a l l y  moncicne r e l a t i o n s  on L X L&. Now, t h e  naturz3 

quest icns mist: When is such 2 mapping 1-1 and ontf?? We a r e  n o t  aware 
4 L? 

of any g e n e r ~ ~ i  r e s u l t .  ;lowever, i f  put some r e s t r i c t i o n s  m t h e  domain of 
h 

t h e  s u b - d i f f m c n t i a l  operator  8 and a l s o  on t h e  underlying spsce L and 

then y e  can have an 1-1 and onto  a map-summarised i n  the  theorem below. 

L e t  u s  d e f i n e  a r e l a t i c n  Q, on the  set  ~f a l l  1.s.c. proper cmvex function 

by f(x) % g(x) if f ( x ) - g ( x )  = c ,  somc constant .  Ncta t h a t  % is  an equivalence 

r e l a t i o n .  Denote by 

= { a l l  1.s ,c. proper convex function an L) / % 

and by 

= s c t  o f  a l l  c y c l i c a l l y  maximal monotone r e l a t i o n s  on LxL*. 

Theorem 5.15: Let L be a Banach space. Then t h e  sub-d i f fe ren t i a l  mapping 

a : 3, -'(c is an one-me and m t o  map. 

Proof: See Rackafel lar  (1970) f o r  the  correc ted  vers ion  of h i s  previous 

z s f  i 2eared i n  Pzc. J. Math (1966). 

Remark 5.16: What &out a lgebra ic  and topologica l  p roper t i e s  of t h e  

opera tor  8 3 Some a r e  discussed i n  t h e  l a t e r  sec t ions .  But ,  one should 

inves t iga te  f o r  more p c s s i b i l i t i e s .  

5.3 Sllb-gradients a d  i l i r~ec t iona l  Derivat ives : 

Set o f  conjugate funct ions  a r e  some s o r t  of  dual  space t o  the  

space of convex functions.  

Defini t ion 5.17: The conjugate t o  o r  Young - ~ e h c h c t  trancfcrrrr, cf  f or, 5 is 

t h e  function f* on L* defined by, f o r  each X* E L& 



Exarnp1.e 5.18: Let A C L, and f ( x )  = 6(xIA), t h e  indicator! funct ion  of A. 

i . e .  ~ ( x J A )  = o i f  X E A 

Then 
C j  - 4 

f*(x*) = sup {cx,x*> : X E A )  = s ( x * l ~ ) ,  c a l l e d  t h e  

support funct ion  of t h e  s e t  A. 

Exercise 5.19: Let P. be a convex su3set  of L a d  l e t  I J ~ ( X )  be t h e  

Minkowski function21 of  t h e  s e t  A defined by 

= i n f  {a > 01a-l X E A I  i f  x # 0 .  

Show t h a t  f f (x9)  = ~ ( x + I A O ) ,  where A' is t h e  po la r  of t h e  s e t  A d i - f i n d  by 

C A = {X* E Lik : s ( x * I ~ )  2 1) . 
where s ( x f i l h )  is t h e  support function of t h e  s e t  A 2s defined in t h e  

previous example. 

We do n o t  tlavc ~ n ~ i ~ g h  spacc hcre t o  present many f a c e t s  cf 

the conjugate funct ion  of a function.  However, w e  s h a l l  s t a t e  an i m p o ~ t a n t  

theorem about conjugate f l m c t i ~ n s ~ u i t h o c t  p f ~ o f .  h t e r ~ s t e d  readers  should 

r e f e r  t o  A.D.Loffc and Tihomirov ( l 9 6 l ) ,  171-180. Let fa* = ( c-llled 

second conjugate of f .  

Theorem 5.20: (Fenchel - Moreat), Theorem) : Let f be a funct ion  on L and 

f ( x )  > - m V X E L. Then f = f** <===> f is  closed and convex. 

Proof: See A.Loffc and V.Tihomirov (1961) pp. 175. 

Theorem 5.21: Let C%\ c L* be a weak* -closed convex se t .  Let ,  Vy E 5 ,  

u(C* ,y) = sup {<y ,xi\> : X* E G J ~ )  , t h e  support funct ion  of 2 on L. 

Then a( ;g ,~ )  i s  a p o s i t i v e l y  homogeneous 1.s.c. proper canvex func- t i rm L 

(By pos i t ive ly  homogeneous, we mean G ( C - ~ , A ~ )  = A a(ct\y) V X > O 313 y E: L.) 

Proof: L e f t  as an exerc i se  t o  t h e  reader.  



Tht: fol lcwing theorcm gives  the  d i f f e r e n t  r e l a t i o n s h i p s  zmong 

some of t h e  concepts we have already in t rod~wcd;  _in p a r t i c u l a r ,  r a l a t ionsh ip  

between d i r e c t i o n a l  de r iva t ives  and general ised +er iva t ives .  

Theorem 5.22: Let x E dom f and X& E L*. Then 

( i )  X Y ~  E af(,r) <===> fW(x;y)  L <y,x=b Vy E L ,  + 

obtained by s e r t i n g  y = x + Az. 

( i i )  follows from ( i )  

( i i i )  using t h e  theory of ccnjugate -functions,  it can be proved. It is  
avoided here. 

The iolJuwifig the(<i '~lJ  5.34 g ives  thc l i m i t i n g  r e l a t i o n s h i p  betwcen 

approximate s u b g ~ > ~ d i m t s  and d i r e c t i o n a l  de r iva t ives .  

Def in i t ion  5.23: For given E > 0, w e  def ine  m appruximate suhgradient 

r e l a t i o n  bv 

Note t h a t  ai- . A ,  i s  a weak*-closed convex subset  of Lge for every E > 0 ;  

and a C f ( ~ )  + a f ( x )  a s  E J,C(. 

Theorem 5.24: Let: f be a 1.s.c. proper convex funct ion  on L arid 1st 

X E dom f .  Then 



be L nonempty weckik-closcd convox s e t  i n  L*. Then t h e  support function 

Now, by t h t  d t f in i . t ion  o f  a f  and fft,  it follows t h a t  
& 

S r t  6 = E - f (x )  then note  t h a t  C* = a&f(x) ,  s ince  
B 

Hence, 

f(x+Ay) - f ( x )  
U( a&f(x)~) + i n f  

A>O 
r\ = f l ( x , y )  

. . (1.E.D 

The fol lowinz theoz~em reveals scnc of the  d u a l i t y  f e a t u r e s  of f and f* 

i n  connection with t h c  g-encrclised der iva t ives .  

Theorerr, 5.25: Let f bc ;I clased cmvex function on L. Then t h e  following 

a r e  equivalent:  

( i  X* E 2 f ( x )  

( i i )  x E af&(x*) 

( i i i )  f ( x )  + . f f ~ ( ~ f c )  = 

and s i m i l a r l y ,  - the following a r e  a l s o  equivalent  



is followed by Fcr ich~l -~~icreau  theorem (Theorerr. 5 . 2 8 ) .  Now w e  s h a l l  shcw t h ? . ~  

( i  = =  ( l :  Let X" E ~ f ( x ) .  Thcn by & f i n i t i o n  of 

sub-gradient,  we  have 

f ( y )  - > f ( x )  + <y-X, X*> Vy E L 

i . e .  <y,xib - f ( y )  L <x,xfO - f(x) Vy E L. 

So f*(x*) = sup { <y,x*> - f ( y ) :  y c L )  L <x,xt'e> - f (x)  

i .e.  f ( x )  + fa( ,&)  - C . 
On t h e  otherhand, f*(xg?) = sup {<x,x*> - f ( x ) l  X E L )  

> <x,xsf> - f ( x ) .  - 
These two i n e q u a l i t i e s  give ( i i i ) .  

i i  = =  i i :  Suppose f*(x*) + f ( x )  = <x,x*> . 
Now, a i  cc,  f(x+ E Z )  > <X+ EZ,X*> - f*(x*), we have - 

Q.E.D. 

flow ws s h a l l  s t a t c  a few theorems without proof .  Thc p r o ~ f s  c m  he fcund 

i n  (13:&)1), pp. 199-204. Thesc r e s u l t s  aPc about t h e  s u b - d i f f e r e n t i a l s  of 

functions -- obtained a f t e r  some operations on some i n i t i a l  convex f u n c t i m s  

i n t e r m  of t h e  s u b d i f f e r e n t i a l s  of t h e  o r i f i ina l  functions.  



Theorem 5.29: A pr:,pt=r convex function f is s u b - d i f f e r e n t i s b l c  p c i n t  

x E dom f <===> f f ( x , z )  is 1.s.c. a: z = 0. 

Proof: See (19b), pp. 198-139. 

Proof: It is a coro l l a ry  t o  a general theorem due t o  Minty, Sf:e i La>,  L:p. 7'4i. 
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