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1. Introduction 

For most of human history, birth rates and death rates have fluctuated roughly in tan­
dem so that population itself remained stable or grew only slowly .  With the develop­
ment of agriculture some 1 2  000 years ago, it is believed that both birth and death 
rates increased substantially, but that there was some acceleration in the rate of growth 
of population (Coale, 1 974). A second major change occurred in Western Europe fol­
lowing what has been called "the second agricultural revolution" and preceding the 
Industrial Revolution (Bairoch, 1 97 6) .  This was a remarkable fall in death rates fol­
lowed only slowly by a fall in birth rates, so that population literally exploded . In the 
eighteenth and nineteenth centuries, the excess of population was relieved by the vast 
migrations of European population to the new lands of the Western Hemisphere and 
Oceania. It was against this backdrop that Malthus ( 1 798, 1 830) wrote . 

Malthus' theory of population and growth is well-known: Passion between the 
sexes, unless checked by human misery, leads to a continual growth in population. 
Positive checks to population growth included " . . .  war, disease, hunger, and whatever 
. . .  contributes to shorten the duration of human life" . Preventative checks included 
abstinence from sexual relations, continence within marriage, and/or delay of mar­
riage. But Malthus didn't think that even the preventative checks would operate to any 
great extent in the absence of the incentives forced on mankind by increasing misery. 
As long as living conditions did not deteriorate greatly, population would grow expo­
nentially. Since, however, Malthus believed that food supplies and ultimately the 
means to human welfare more generally could only grow linearly, he predicted popu­
lation growth with increasing immiserization until equilibrium was reached for a large 
population living under the most abysmal conditions . 

That Malthus' dire prediction has not yet been realized is the result of many factors. 
First, in Western Europe and later in Eastern Europe, North America and Japan, as 
death rates, particularly infant and child mortality rates, fell ,  birth rates ultimately 
came down as well,  although with a substantial lag . Second, agricultural productivity 
increased substantially and new lands were opened reducing population pressure in 
older settled areas and making more food and other resources available to support a 
growing world population .  In the twentieth century, even as modern medical advance 
and public health investments have reduced death rates in other parts of the world, a 
similar pattern of falling birth rates, agricultural extension and intensification (recently 
through so-called "Green Revolution" technology), and general economic growth, has 
been followed in large parts of the world. (Africa is a notable exception .) The pattern 
of falling death rates followed after a Jag by falling birth rates has been called the 
"demographic transition" (Beaver, 1 975; Caldwell, 1 982). But, to date, a rigorous the­
ory about whether and how this demographic pattern might be linked to economic 
growth has proven elusive. 

In this connection, it is important to make a distinction between endogenous popu­
lation change and endogenous fertility. Models can be constructed in which there is a 
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relation between economic and other factors and the size of, compositiOn of, and 
changes in population, but in which no decision-making mechanism is presupposed. 
Purely biological models of animal populations in which food suppl ies or predator 
population limit the size of the population in question are of this character. The 
Malthusian theory, discussed above, comes close to this paradigm . 

On the other hand, recent developments in population and family economics sug­
gest many causal paths between the economic environment and human family forma­
tion and fertility decisions as well as the possibility that mortality may be influenced 
by families' decisions on the investments in human capital, in the form of health and 
nutrition, they make in their children and fertility decisions. In particular, recent eco­
nomic theories of fertility focus on explicit family decision-making models in which 
optimal fertility choices are made in a utility-maximizing framework. Fertility is, of 
course, only one component of population change. In a closed population without 
migration , demographic composition and mortality also play a role over which fami ­
lies have little control. 

The problem of explaining the demographic transition in these terms is to show 
how family decisions with respect to fertility, investment in the human capital of their 
children and their bequests to them in other forms of capital, and other variables inter­
act over time to determine the size of the population and the stocks of capital, both 
human and physical, and the well-being of successive generations, and then to deduce 
the demographic transition as a possible outcome of these interactions. 

In the early 1 970s when the outlines of the "new home economics" were just 
emerging, Nerlove ( 1 974, pp. S2 15 -S2 1 7) speculated on what such a model might 
look like : 

Good nutrition and health care increase youngsters ' chances of survival and may 
also affect their ability to absorb future investments in intellectual capital . To the 
extent that such investments increase the life span, particularly the span of years 
over which a person can be economically active, such an increase in quality will 
raise the return to investments in human capital which sons and daughters may later 
wish to make in themselves . To the extent that better health and nutrition result in a 
reduction in child mortality, they increase the satisfactions accruing to parents from 
other forms of investment which also raise child quality, for the returns to these in­
vestments may then be expected to be enjoyed over a longer period of time on av­
erage. Increases in longevity, particularly of an individual's economically produc ­
tive years, increase the amount of human time available without increasing popula­
tion ; such an increase would tend by itself to lower the value of time per unit, but, 
as we know, most of the effects of better health care and nutrition occur in child­
hood and enhance the quality of a unit of time in later years more than increasing 
the number of children . On net balance, therefore, I would conjecture that better 
health and nutrition lower the costs of further investments in human capital relative 
to those in other forms of capital and increase the returns therefrom . . . .  
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For reasons which I feel certain we do not fully understand, but which are due in 
part to the presence of children's  utilities in the utility func tion of the family to 
which they belong, parents do desire to bequeath a stock of capital to their children. 
Since the stock of capital, material and intangible, human and nonhuman, is grow­
ing per capita in Western economies, one must assume that parents desire to pass 
along more than that which they received from their parents, or that institutions in 
the economy function in such a way as to induce this outcome. Irrespective of the 
motivation, however, the increasing value of human time must have an effect on 
the form in which this capital is passed on .  As long as the rates of return to invest­
ments in human capital remain above, or fall more slowly than, the rates of return 
to investments in other forms of capital, parents will be induced to bequeath a 
greater part in the form of human capital . Thus the tendency toward increasing 
quality of children will be intensified by the bequest motive, despite the opposite 
tendency, resulting from the increasing cost of time, to invest in bequests which are 
less time-intensive. But as rates of return tend to equality over time - if they ever 
do - parents should tend to bequeath less in the form of human capital and more in 
the form of financial and physical capital . [In equilibrium, rates of return will be 
the same. If they differ, parents will invest in those assets yielding the highest rates 
of return. ]  Nonetheless, as long as investment in human capital occurs, the value of 
a unit of human time will continue to rise with increases in the stock of capital per 
capita, reinforcing the tendency to fewer children of ever-higher quality . Substitu­
tion will occur in favor of fewer children of higher quality and perhaps eventually 
against both quality and quantity of children in favor of commodities and knowl ­
edge. [There is considerable evidence that an increasing proportion of total capi tal 
formation in this century has occurred in the form of human capital (Schultz, 1 9 61 ,  
1 97 1 ,  1 973) which suggests ] ... that we may be far from the point at wh ich such 
substitution begins to take place against children, quality and quantity combined. 

The outli nes of a revised Malthusian model beg in to emerge, albeit dimly, from 
the foregoing conjectures and speculations .  In this model, the value of human time 
and changes in that value over time are pivotal, and the l imitations imposed by 
natural resources are mitigated, if not eliminated, by technological progress and in­
creases in the stock of knowledge and of capital, both human and nonhuman . The 
main link between household and economy is the value of human time; the in­
creased value of human time results in fewer children per household, with each 
child embodying greater investments in human capital which in turn result in lower 
mortali ty and greater productivity of the economically active years . Such greater 
productivity in turn further raises both the value of a unit of time and income in the 
subsequent generation and enables persons of that generation to make efficient use 
of new knowledge and new physical capital . Eventually, rates of return to invest­
ments in physical capital, new knowledge, and human capital may begin to equal­
i ze, but as long as investment occurs which increases the amount of human capital 
per individual, the value of a unit of human time must continue to increase. It is not 
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possible to say whether the diminishing ability of a human being to absorb such in­
vestment would eventually stabilize the number of children per household and at 
what level, given the satisfactions parents obtain from numbers of children as well 
as their quality . Nonetheless, over time the model does predict in rough qualitative 
fashion declining rates of population growth (perhaps eventually zero rates or even 
negative rates for a time) and declining rates of infant mortality. These are the main 
features of the demographic transition. 

What may have happened sometime in the nineteenth and early twentieth centuries 
in the West was that a small exogenous shock which reduced infant and child mortal­
ity set off a cumulative process of investment in better health and nutrition and in 
public health leading to a surge in economic growth and population but eventually 
resulting in substitution of quality in the form of further human capital investments for 
numbers of children. And what may be happening in many places in the world today 
is the same cumulative process now set off by the import of modern medical knowl­
edge and public health technology. But the occurrence of the demographic transition 
in these areas depends, if these conjectures are valid, on the existence of opportunities 
for, and absence of obstacles to, further investments in human capital . 

The World Bank ( 1 992: p. 26) projects that between now and 2 1 60 the current 
world population of 5 .5 billion will about double or more than quadruple depending 
on the rapidity of the demographic transition in those countries of the world which 
have not yet experienced it or where it is not fully complete. Understanding how and 
why the transition occurs is thus a matter of great importance if we, of the present 
generation, are to formulate appropriate economic and demographic policies, for such 
policies will determine whether world population stabilizes at moderate levels and a 
relatively high standard of living, or at high levels with a poor quality of life for the 
majority. This Chapter seeks to provide a framework for further analysis. Limitations 
of the present state of knowledge more than limitations of space preclude any defini­
tive models which show the possibility of such transitions and reveal the circum­
stances under which they may occur. 

The elements of a complete theory of the relation between population and eco­
nomic growth along the lines envisaged would include a theory of family decisions 
with respect to fertility, investments in the human capital of their children, and be­
quests to them, in response to their expectations of future rates of return, income and 
prices, and embed these in a dynamic general equilibrium model, which would de­
termine these rates as functions of state variables, such as population and the stocks of 
human and physical capital. Mortality, especially infant and child mortality, would not 
be wholly exogenous but would depend, in part, at least at very low levels of income, 
on the investments in the health and nutrition that parents were prepared to make in 
their children at the expense of their own consumption. We do not carry out this plan 
in this Chapter; a full development is left for others who may be so inspired, or for our 
own subsequent research. What we do attempt is to lay out a general framework into 
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which the elements of such an economic theory of the demographic transition can be 
fit, to survey briefly recent related work i n  the "new home economics" and growth 
literatures, and assess the li nkages among stocks, flows, and rates of return i n  this 
context. 

We begi n with a formal analysis of models of economic growth in which popula­
tio n  is endogenous in the sense that its rate of change over time depends on per capita 
consumption or wages without explicit determination of fertility within a utility­
maximizing model of family decision-maki ng. We develop a general framework for 
the analysis of economic growth with endogenous population and three factors of pro­
duction, physical capital, labor, and a third, u nspecified factor Z. The factor may be a 
fixed or a renewable natural resource or a stock of knowledge, which contributes gen­
erally to the production of consumption goods and additional physical capital but 
which is not subject to control by i ndividual economic agents. 

We adopt a discrete time formulation in order to facilitate i ntergenerational analysis 
and the i ntegration of models of endogenous fertility. We show that if productio n  
technology i s  homogeneous of degree one i n  the three factors and if the dynamic 
equation characterizi ng the law of motion of the third factor Z is also homogeneous of 
degree one i n  all three factors (i .e., if Z were truly variable), then the economic growth 
with endogenous populatio n  may be modeled as a dynamic planar (two-dimensional) 
system. The analysis of global and local properties of such a planar system may be 
carried out usi ng methods developed in Nerlove ( 1 993). 

We begin with the Solow-Swan model (Solow, 1 95 6; Swan, 1 95 6),  both of whom 
suggested (Solow: p. 91 and Swan: p. 339) that their model might be modified by i n­
troducing a simple form of endogenous population by assumi ng that the rate of 
growth of population depends o n  the real wage or per capita consumption. Growth 
with exogenously growi ng population is a very special case of the general two­
dimensional system developed here. In fact, this case and the case i n  which the rate of 
growth depends o n  per capita consumption is obtai ned by eliminati ng the factor Z and 
thus reducing the system to o ne-dimensional dynamics. Niehans' ( 1 9 63) model i n  
which both savings and population are endogenously determined at the aggregate 
level i n  a neoclassical, constant-returns-to-scale context is a special case which is also 
o ne-dimensional . Finally, we provide a detailed analysis of the full model in which 
both population and savings are endogenous . We also consider a model in which there 
is a third factor of production, which is not u nder the direct control of economic 
agents but which nonetheless affects the output obtainable from capital and labor. This 
model is i nspired by recent work of Lee ( 1 98 6) i n  which he tries to encompass the 
theories of Malthus and Boserup in a single model . Our third factor may be enviro n­
mental or other natural resources or a stock of technology and is u npriced. See, for 
example, Nerlove ( 199 1 )  and Raut and Srinivasan ( 1 993). The owners of capital are 
assumed to receive the surplus, so that total product can be exhausted despite the on­
priced nature of the third factor. The full power of the planar (two-dimensional) 
framework is exploited i n  this context .  
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Recent wo rk on endogenous g rowth focuses on human capital and its joint dete r­
mination at the family level with fe rtility decisions and the effects of human capital 
investments on mortality. The important distinction between human capital and physi­
cal capital or natu ral resou rces or gene ral knowledge is that human capital is fully 
embodied in the human agent and therefo re affects p roduction only th rough the indi­
vidual and is extinguished with the death of the individual. This fact makes it possible 
to continue the analysis largely within a planar context within the general framework 
outlined he re, although such considerations underscore the need fo r a deeper analysis 
of family decisions, the elements of which we next sketch. 

We close Section 2 with a b rief .review of the new di rections in g rowth theo ry ini­
tiated by Lucas ( 1 988) and Romer ( 1 986). This theory emphasizes inc reasing retu rns 
and the effects of a g rowing stock of knowledge. It is designed to eliminate exogenous 
technical change as the main sou rce of g rowth and to explain the continuing dive r­
gence i n  rates of pe r capita income g rowth, in contrast to the p rediction of neoclassical 
g rowth theory that g rowth rates should converge, and is of limited usefulness in an­
swering the cent ral question add ressed here. 

Next we recall the basic theory of household choice with respect to consumption, 
saving, fe rtility and investment in the health and futu re welfare of thei r offsp ring. Ou r 
discussion suggests how the development of Chapter 5, pp. 53-58, of Nerlove et al. 
( 198 7) may be extended to models of utility-maximizing behavio r which encompass 
decisions not only on how many child ren to have but how much to invest in thei r fu­
tu re wel l -being and in physical or financial resou rces available to pa rents in futu re 
time periods and, subsequently, to thei r child ren. We are particularly concerned with 
the effects of infant and child mortality and the ability of parents to influence these 
risks by devoting additional resou rces to the care and nut rition of thei r child ren. The 
pu rpose of this discussion is to suggest what fu rthe r research might be necessary to 
p rovide an unde rpinning fo r an economic theory of the demog raphic t ransition ad­
vanced above. 

The chapter concludes with a brief review of the natu re of the interactions between 
household decisions and the main stock and flow variables which cha racterize the 
evolution of the economy over time: household decisions with respect to fe rtility and 
the investments in human capital made in thei r children and bequests to them, on the 
one hand; and population, the stock of human capital embodied in that population, and 
the stock of physical capital, on the other. Given the rules of distribution and tax ­
subsidy policies, the latter, state, variables, determine, via p roduction technology, per 
household incomes and the rates of retu rn to human and physical capital; these, in 
tu rn, are the main variables to which households respond in addition to the rates of 
mortality, particularly infant and child mortality. At low levels of income and of hu­
man capital in the form of investments in health and nutrition, these rates themselves 
may be partly endogenous. We then tu rn to a discussion of the effects of motives fo r 
intergenerational t ransfers such as old-age secu rity and bequests, and introduce two­
sided alt ruism as way of endogenizing such transfers. The possibility of strategic be-
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havior and its effects on  capital accumulation and population growth is briefly touched 
upon (see Cigno, 1 99 1 ,  Chap. 9; Raut, 1993). I n  the model of Azariadis and Drazen 
( 1 993) such strategic considerations play a pivotal role i n  explaini ng overall popula­
tio n  growth and its sectoral composition. 

2. Models of economic growth with endogenous population 

2. 1 .  So/ow-Swan 

Consider first the standard Solow-Swan model with exogenous populatio n  growth i n  
discrete time form: Let Y, = output, K, = capital stock, N, = labor force assumed to be 
the same as population, S, = savi ngs, 11 = i nvestment, s = the savings rate, 
o = depreciation rate, n = the exogenous rate of growth of populatio n  and labor force. 
Production can be represented by a constant returns to scale fu nction: 

Y1 = F(K1, N1) or Yr =f(k,), (2. 1) 

where y1 = Y,IN,, k, = K,IN,, and f(k) = F(k, 1 ) .  Solow-Swan assume that savings 
equals gross i nvestment and is a constant fraction s of output: 

11 = S1 = sY1• 

The change i n  the capital stock equals gross i nvestment minus depreciation: 

K,+ I= ( 1 - o)K, + I, = sF(K,, N,) + ( 1 - o)K,. 

Population grows exogenously at a rate n: 

N,+  I =  o + n)N,. 

Thus 

sf(k, )+ (1 - o)k, . 
k r+1 = _ = g(k 1), k0 g tven . 

l+ n 

(2.2) 

(2.3) 

(2.4) 

(2.5) 

The dynamics of the Solow-Swan model are entirely described by the path of k 1, the 
capital-labor ratio, si nce population grows exogenously, capital depreciates at a fixed 
rate, a nd gross i nvestment is proportional to output. 

The existence of statio nary solutions to Eq. (2.5), i .e. k* for which 
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k* = g(k*) (2 .6) 

and the local stability of such solutions depend on the shape of the function g. The 
conditions which yield a nonnegative globally stable stead y-state solution are the fol­
lowing: 

g'(O) > I ,  

g'(k) < I ,  for some k > 0, 

and g is concave. These properties follow if the production function satisfies: 

fi:O) = 0, 

f'(O) > o+n
, 

s 

f'(k) < 
o+ n

, for some k >O, 
s 

and f is concave. A stationary solution k* is locall y stable if I g'(k*) I < I. Clearl y k* 
= 0 is unstable. Under concavity off, whenever Eq . (2.6) holds for some k* > 0, then 
there can be no other k* > 0 for which Eq. (2.6) holds and at that point I g'(k*) I < I, 
so the solution is necessaril y unique. 

In the model described above, substitute an equation determining the growth rate of 
population endogenousl y. Continue to assume that the savings rate is exogenousl y 
fixed. Suppose simpl y that the rate of growth of population depends on the level of 
per capita consumption : 

N,+l = l+ n[( l- s)f(k, )]= h(k,), h'>O 
N, 

(2.7) 

and n(cm) = 0 for some level of per capita consumption, em = ftkm). Then, in place of 
Eq . (2.5), the function g(k 1) is now defined as 

k = 
sf(k, ) + (1- o)k, 

= g(k ) ko given . 1+1 h(k, ) t ' (2.8) 

The capital -labor ratio continues to determine the d ynamics of the econom y, that is, 
the s ystem remains univariate, but is now more complex since h in the denominator of 
g now depends on k 1• 
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In this case, however, concavity off and conditions on s and b no longer guarantee 
the existence of stationary points nor do they determine unambiguousl y the local sta­
bility or instability of such equilibria. However, considerable insight into the location 
and properties of nontrivial steady states can be obtained by comparing them with the 
stead y states of the Solow-Swan model with exogenous population growth . Let k*be 
the stationary point of the s ystem (2.5). Then, 

- sf(k*)+ (I -O)k* 
k * = ����--�-

l+ n 

or 

(2.9) 

Provided the conditions on the production function previousl y specified are satisfied, 
k* = 0 is a stationary point and j{k) intersects a straight line through the origin with 
slope at a point (n + o)ls at a point k* > 0 as well. 

Let us use the same notation to denote n(k) = n[( l - s)j{k)] .  When population is en­
dogenous, from Eq . (2 .8) ,  we have 

(2. 1 0) 

where, k* denotes the stationary solution of Eq. (2. 8). Comparing Eqs. (2.9) and 
(2 . 1 0) ,  we note that while the left-hand side of Eq. (2.9) which corresponds to Solow ­
Swan model with exogenous population growth is a linear function of k, in the case of 
endogenous population, Eq . (2.10), it is a nonl inear function p(k) g iven b y  

As before, a stationary point i s  characterized b y  p(k*) = j{k*). The properties of p(k) 
depend on the function n(k). If n(k)k � 0 as k� 0, and therefore y and ( 1  - s)y � 0, 
p(O) = 0. Let us assume that n(k) is increasing in k, positive for k greater than some 
small value and n(k) > n for some k > 0. Since 

p'(k) = 
n(k) + O  

+ 
n' (k)·k

, 
s s 

which must be greater than (n + 0)/s as n' > 0, there exists a unique k0 such that 
n(k0) = n. At this pointp(k) crosses the line 
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[n;o} 
and, u nder the assumptions made, lies everywhere above it. If the form of p(k) is such 
that k0 < k* then the stationary capital-labor ratio, k *, of the Solow-Swan model with 
endogenous population  is less than k*, the capital-labor ratio of the Solow-Swan 
model with exogenous population; otherwise, k* > k*. The first case is shown i n  
Fig. 1 .  

I n  general, however, n(k) may be i ncreasi ng for smaller values of k and eventually 
turn dow n and recross the l ine n w ith n' < 0. Then another equilibrium may occur at a 
capital -labor ratio greater than k*. Alternatively, n(k) may fall after very low levels of 
the capital-labor ratio are reached and may never reach the level n. I n  this case there 
may be no nontrivial stationary poi nt or an equilibrium only at a very large value of 
the capital-labor ratio. It is clear that merely endogenizi ng population growth at the 
macro level does not shed light on the shape of n(k) and thus on the nature of dy nam­
ics; a utility-maximizi ng model should be used to elucidate the nature of the fu nction 
n(k) , as we attempt i n  Section 3.4. 

Suppose we have fou nd a nontrivial steady -state solution to the Solow-Swan 
model with endogenous population growth. What are its dynamic properties? Differ­
entiati ng g with respect to k i n Eq. (2.8) and utilizing Eq. (2. 1 0), we have 

y [ n (k) + o 
s 

f(k) 

Fig. I .  



1 1 28 

, k* _ sf'(k *) +(l - 6) -k *n'(k *) 
g ( ) -

I+ n(k *) 
· 

This expression is greater than -1 if 

-[1 + n(k *) ]- (1- 6) +  k *  n '(k *) 
f'(k *) > ' s 

M. Nerlove, L.K. Raut 

(2. 1 1) 

which is satisfied unless n'(k*) is very large and positive. Let us assume that n(k) is 
such that the above is satisfied. For local stability analysis, it suffices to focus on 
whether g'(k*) 7 1. This will be the case according as 

f' (k*) � n(k *) + 6 + k *  n' (k *) = p' (k *) . 
< s 

(2. 12) 

It follows that, if p(k) crosses f(k) from below in Fig. I ,  the stationary point so deter­
mined is stable, and, if from above, the stationary point is unstable. 

As shown in Fig. 1, p(k) is essentially a transformation of n(k), so everything de­
pends on the behavior of this function which may be quite nonmonotonic in ( I  -s) y 
and therefore in k. In contrast to the usual Solow-Swan model with exogenous popu­
lation growth and the usual assumptions about the production function, endogenous 
population entails the possibil ity of multiple equilibria and instability of some of the 
equilibria. Another interesting point is that even if the rate of population growth at a 
stationary point is the same as the corresponding rate which would have led to that 
stationary value when population is assumed exogenous, i.e., even if n(k *) = n, it 
does not follow that the equilibrium is stable, in contrast to the Solow-Swan model 
with exogenous population. From Eq. (2. 12), the condition is 

f' (k *) � n + 0 
+ 

k *  n' (k*) 
' < s s 

so that even if the equilibrium would have been stable with exogenous population, i.e., 

f'(k *) < n +o
, 

s 

we may nonetheless have 

f' (k *) > 
n + 0 

+ 
k* n' (k*) 

s s 
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if n'(k*) < 0. In Section 3 .4, however, we show that util ity maxim ization impl ies 
n'(k) > 0 and thus demonstrate how a utility-max imizing model of endogenous fertil ity 
can clarify the dynamic properties of the growth model. 

Example 

To illustrate, suppose that population growth is s imply equal to the ratio of actual con­
sumption to some min imal, positive, level of consumption per capita, em: 

h(kr ) = 
(1 - s)f(kr ) . 

em 
(2.7') 

This formulation is more general than it may seem since it can be derived by appro­
priate choice of the units of output and consumption per capita from a l inear approx i­
mation to the function n( ) in Eq. (2.7): 

h(k) = I + y[( l  - s)f(k) - cml· 

If we choosey= I! em, then h(k) is equal to (I - s)f(k)lcm. 
At a stationary point k*, we can write 

' (k*) = 
sf(k*) + ( I - o) 

g 
h(k*) 

where 

h' (k*)k * e* = _..:...._..:....__ 
h(k*) 

e *  ' (2.ll') 

is the elasticity of the rate of population growth factor at the stationary value of the 
capital -labor ratio; in th is case 

e* = J'(k*) 
k* 

f(k*) 

depends only on the production function. For a Cobb-Douglas production function, 

f(k) = k!', 0 <a< I, (2 .I  ') 

so that e* = a. In general, of course, e* depends on the response of fertil ity and mor­
tal ity to increases in the capital-labor ratio and, therefore, in income. In the case of a 
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Cobb-Douglas production function, 1 > e* > 0, but for more general models e* may 
be negative. 

The point k = k* is locally stable if I g' I < I .  From Eq. (II'), local stability implies 

-(I- e*)(l + n*)- (1- 15) ( I+ e*)(l + n*)- (I - 15) 
___.:_ _ _.:...;;. _ ___:___:__� < f' ( k*) < ' 

s s 

where n* is the rate of growth of population at that point. As we saw, it is not possible 
to say whether this condition is satisfied in general. However, for a Cobb-Douglas 
function, Eq. (I'), the problem is somewhat simpler, since e* = a  and I + n* = 
( I  - s)y*lcm, where y* is per capita output at the stationary point. Then 

say* lk *+ ( l- 15) < 
g' (k*) = - a-1 

(1- s)y * /cm > 

according as 

k*  < k*  
sa+ (l - 15)--(1 + a)(l- s)- .  

y *  > em 

(2. 1 1  ") 

Unless em is very large relative to k*,  this condition will generally be satisfied as < for 
0 < s, a, 15 < 1 .  Thus, there exists a locally stable unique nonzero steady state for the 
extended Solow-Swan model in this example. 

2.2. Niehans 

Niehans ( 1963) develops a model in which both savings and population growth vary 
endogenously. The basic structure of Niehans' model turns out to be very similar to 
the Solow-Swan model with endogenous population growth, so our analysis can be 
brief. Population and labor force are again equated, but now there exists a "capitalist" 
class, whose numbers do not matter, and who save according to the excess or shortfall 
of the return per unit of capital from some fixed rate . Population, on the other hand, 
grows or declines according to the excess or shortfall of the wage from some mini­
mum. Let w1 = per capita wage of labor and r1 = return per unit of capital . Assuming 
the same constant-returns-to-scale production function as before, Eq . (2. 1) , and that 
capital and labor are each paid their marginal products, 

(2. 13) 

W1 = f(k,) - krf'(k1) > 0 .  (2. 14) 
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Then, in place of Eqs. (2 .2) and (2.4) we have 

11 = s(r1)Y1, s' > 0, s(O) = 0, 

and 

N,+ 1 = [1 + n(w1)]N1, n' > 0, 

and n(w) < 0 for w less than some minimum wage. 

1 13 1  

(2. 15) 

(2. 16) 

It is easy to see that the Niehans model is basically a minor modification of the 
Sol ow-Swan model in which the growth of the economy is entirely determined by the 
dynamics of the capital -labor ratio and population accord ing to 

N
t+l = h(k1 ) = 1 + n[f(k1 ) - kJ'(k1 )] = I + n(k, ) .  

N, 

Substitution of Eqs. (2. 13) and (2. 15) in Eq. (2.3) yields 

k = ( 1- o)k, + s[f' (k, )]f(k,) = (k ) t+I 1 + n(k1 ) 
g 1 · 

(2. 16') 

(2. 17) 

Eqs. (2. 16') and (2. 17) are a model identical to Solow-Swan except that the savings 
rate now depends on the capital -labor ratio via the marginal product of capital. Once 
again, using the same notation s(k) = s(j'(k)), all the condit ions deduced above can be 
repeated with the following simple modification :  

(k)  = n(k ) + O. p 
s(k) 

p(k) is, however, now not a s imple linear transformation of n(k) as it was when only 
population was assumed to be endogenous and the savings rate exogenously deter­
m ined. The following example shows that a nontrivial stationary point may not exist. 

Example 

Suppose 

f(k) = k!', 0 <a< I ,  

and the rate of  population growth and of savings are proportional to some minimum 
wage, Wm, and minimum rate of return, rm, respectively: 
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n(kr ) = f(k, ) - k, J' (k, )
, 

wm 

Substitution then yields 

where y = j{k) = k!'. Fork* to be stationary, p(k*) = j{k*) as before so 

wm a(k*)2a-] - (1 - a)(k*)a = owm . 
rm 

M. Nerlove, L.K. Raut 

If 0 <a� 112, the left-hand side of this expression is a decreasing function of k*. 
Moreover, it  is zero when k* = 0. Therefore no nontrivial stationary point exists. 

2.3. Malthus-Boserup 

Models such as Solo w-S wan or Niehans with endogenous population growth and a 
constant-returns-to-scale, t wo-factor production function yield univariate dynamics in 
the capital-labor ratio. The major difference is that the dynamic behavior becomes 
more complex with endogenous population gro wth since it no longer depends solely 
on concavity properties of the production function and the values of a fe w exoge­
nously determined parameters. In this subsection, we develop a model based on a 
three-factor production function inspired by recent work of Lee ( 1 986) on Malthus 
and Boserup. In our model, labor receives its marginal product but the rest, the 
"surplus", goes to capitalists who save all of it. Because a third factor of production, 
which may be the stock of kno wledge or a fixed resource such as land or a rene wable 
resource such as environmental quality, is involved, this model also encompasses non­
constant returns to scale in the t wo-factor case with labor and capital. The model gen­
erally requires two dimensions to describe its dynamic behavior. It cannot be reduced 
to univariate dynamics but requires planar analysis, as discussed by Nerlove ( 1 993). 

Let Z be a variable which denotes the stock of technological kno wledge, of envi­
ronmental quality or other rene wable resources, or of a fixed resource such as land or 
one which may be permanently depleted through use. In general, we will assume that 
Z varies over time. The case when Z is fixed is then an important special case, the one 
which Malthus presumably had in mind. Generally, however, Z may vary over time, 
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reversibly or irreversibly, in response to levels or changes in the stock of physical 
capital or population . Boserup's arguments suggest a reversible process in response to 
population pressure. 

To describe production, we replace Eq. (2. 1) by 

Y, = F(K,, N,, Z,), 

which we assume to be constant returns to scale in all three factors. It will be conven­
ient to express everything in per capita terms for which we use lo wer case letters. 
Thus 

( K, Z 1) 
y, = f(k ,z, ) =F - , I , -

N, N, 
(2. 18) 

and F N = f- kfk - zfz is the marginal product of labor. Thus, the condition that labor is 

paid its marginal product becomes 

w, = f(k,, z,) - krfk- z,fz. 

Assume that labor saves nothing and that the gro wth of population (labor force) is 
determined by w,, which is thus per capita consumption : 

N,+l -- = I + n[f(k , z, )- k,Jk (k, , z, )- z,fz  (k , z, ) ]  = I +  n(k, , z, ) . 
N, 

(2. 19) 

If the entire surplus is saved and can be used only to augment the capital stock, Eq. 
(2 .2) is replaced by 

11 = K, FK + Z,F2 
= Y, - N 1w 1  
= N, (y, - w 1). 

Thus, 

k =
(1-o)k l+ (y �- w �) = (k z )  1+1 I + n(k ,z, )  

g I' I . (2. 20) 

The function g depends only on k 1 and z1 since y, = j{k,, z 1) and w 1 is also a function of 
k 1 and z 1• 

We assume that the evolution of Z is governed by 
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z,+ 1 = H(K,, N,, Z,), 
where H is homogeneous of degree 1 so that we can write 

'1/J(k, ' z, ) = h(k ) ,,z, ' 
1+n(k , . z1 ) 

M. Nerlove, L.K. Raut 

(2.2 1 )  

where IJF(k1 , z1) = H(k1, 1, z1). The system (2.20) and (2.21) is a planar system i n  k1 and 
z,, of the kind described in Nerlo ve ( 1993 ) .  

Eqs. (2.20) and (2.21 )  define two functions: 

k* = M( z*), z* = N(k*), (2.22) 

which may not be one-to-one or e ven continuous ; that is, M( ) and /or N( ) may have 
se veral branches and one or more discontinuities. Nonetheless, if we plot these t wo 
functions in the k*-z* plane, points at which they cross are stationary points. More­
o ver, the deri vati ves of these functions may be obtained at any point of continuity 
along any branch by means of the implicit function theorem. Thus, along a branch 

M'= 
dk * 

= �= 
(l +n*)gz + nzk * 

d z* 1-<pk 1- [( l+ n*)gk+ nkk*]
' 

N'= dz* =�= 
(1+n*)hk + nkk *  

(2.23) 

dk * l-'1/Jz l-[(l+ n*)hz +nzk*] 

Under general circumstances k* = 0 = z* is a stationary point. Thus at least one 
branch of M( ) and one of N( ) must begin at the origin. 

Our interest is focused on the positi ve quadrant of the k *-z* plane since negati ve 
values make no economic sense. In Fig. 2 we have plotted the curves 

z* = M-1 (k*), z* = N(k*) . 

M-1 ( )  is defined for the particular branch of M( ) starting at the origin; there may be 
other branches. Both curves start from (0, 0) and are initially increasing (if not increas­
ing there would be no nontri vial stationary point in the positi ve quadrant for this 
branch). The curve M1- 1  is plotted first increasing, then decreasing. When N1 has a 
slope initially less than M1-1 and the latter turns do wn, we find that a nontri vial sta­
tionary point (kt ' zn exists. When N2 has a slope initially greater than MI-l and does 
not decrease, there is no nontri vial stationary point. When M21 is not strictly concave, 
there may be several nontri vial stationary points with different local stability proper­
ties. And, of course, if N is not strictly increasing there may be a great many nontri vial 
equilibria. Furthermore, since several branches of both functions not starting at the 
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Z* 

Fig. 2.  
k* 

orig in may ex ist, these too define stat ionary po ints where they i ntersect. The method 
discussed there may be used to analyze the dynamic properties of the system. The 
analysis is, ho wever, compl icated and does not, at th is level of abstraction, lead to 
much insight. 

The follo wing extended example, ho wever, is helpful in u nderstanding the nature 
and ex istence of stat ionary po ints : Let the per capita surplus available for investment 
(and thus, by assumption, per cap ita investment itself) be 

s, = y,- w, = k,fk(k,, z,) + z,fz(k,, z,), (2.24) 

and denote funct ions or values evaluated at a nontr ivial stat ionary point (k*, z*) by 
affixi ng an aster isk. 

Example 

Assume a Cobb-Douglas production function 

y, = k� zi, 0 < a, fl; a+ fl < I ,  

and a l inear approximation to n(w1) wh ich yields 

(2. 1 8') 
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Nt+1 w, I+n(k,z,)=-- =-, wm >0. N1 wm 

Then Eq. (2.20) becomes 

k 
_ (I-o)k, +s, 

r+l- I 
, w1 wm 

where 

s,= (a+!J-)y1 

a nd 

w1= y1-s1=(I-a-f.l)Y1• 

Hence, the function M-1 intro duced above is define d explicitly by 

Suppose that 1/J(k ,, z,) is also linear in Jogs: 

but a may be negative. Then 

N(z*) = (k *)al(l-/3). 

M. Nerlove, L.K. Raut 

(2. 1 9') 

(2 .2 0') 

(2.25) 

(2.21 ') 

(2.26) 

If 0 <a< ( 1  - {3), that is, if a+ f3 < 1 ,  N(z*) in Eq. (2.24) is a concave function of z*, 
since 0 < f3 < I is assume d. This assumption might be violated if, for example, Z rep­
resented environmental quality, so that per capita environmental quality might be de­
graded a t  h igher cap ita l-labor ra tios. 

The shape of M-1 (z*) in Eq. (2.25) depen ds on the parameters an d on their relation­
ship to one another. When, for example, 1/f.l is an even number, M-1(k *) increases 
from 0 to +oo as k *  goes from zero to km = wm(a + f.l)/[1-(a+ ,u) ]. For larger values 
of k *, M-1 (k *) is a decreasing function of k *, with 
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dk* !l 
fork*> km. 
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Thus, for k* > km, a, f3 > 0 an d a + f3 < I an d a, f.l > 0 an d a + f.l < I, th ere exists a 
uniqu e nontrivial stationary point. Moreov er, this point is a stabl e equilibrium.  It is 
interesting to note that th e location of this equilibrium depen ds on th e valu e of th e 
minimum wag e, wm. Th e values of k* an d z* determine th e rate of growth of po pula­
tion from Eq. (2.I9'): 

If 

N,+1 = [1-(a+ f.l)](k*)0 (z*)" 
N, wm 

[I-(a+ /l)](k*)a+(apt(I-fJll 
= 

Wm == [1-(a+ f.l)](k*t+(ap/(1-{J)), 

po pulation too will b e  stationary. If wm exc eeds this value, population will b e  declin­
ing ( ev entually to z ero). If Wm is l ess, population will be increasing. In g en eral, th e 
small er wm, th e high er th e rate of po pulation growth at a stationary point an d th e low er 
per capita consumpt ion. 

In this exam pl e 

�k = wm {(1-6)(1-a)}
• 1-(G+f.l.) y* 

� = m w {-f.l(l-a)} 
z 1-(a+ f.l) y* ' 

'lk = a, 
1Jz=f3. 

Thus 

tr J == (wm I y*)(l- 0)(1- a) fJ, 1-(a+f.l.) 

detJ = (wm I y*)(I-0) (af.l+/3(1-a)). 1-(a+f.l.) 
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That is 

d 1 [af-t+f3(I-a)] 1 P[af-t+f3(I-a)] A 1 B et = tr + = tr + . I-a I-a 

M. Nerlove, L.K. Raut 

(2.27) 

Eq. (2.27) determines a straight line in the tr 1-det 1 plane with slope 

A= af-t +f3 I-a 

an d intercept 

Un der plausible assumptions: 0 <a< I, 0 <f-1. <I, a+ f-1. <I, an d 0 <{3 <I, but the 
sign of a is ambiguous. 

Consi der first the case in which a > 0, that is increases in the capital-labor ratio fa­
vorabl y affect the stock of Z. Then A an d B are clearl y positive. For example, if 
a= 0.5, f-1. = 0.25, a= 0.25, an d f3 = 0.5, A = 0.675 an d B = 0.3I25. 

If, on the other han d, a < 0, so that an increase in the capital -labor ratio negativel y 
i mpacts on the stock Z, then the signs of A an d B are ambiguous. A 7 0 according as 
(u/(1 -a)).;- (-{3/a). For example, in the previous case suppose a= -0.25, then 
A = 0.375 an d B = O.I875. But suppose that instead f3 = 0.25 an d a= -0.75, then A = 
-O.I25 an d B = -0. 03I25. 

Plot the line det 1 = A tr 1 + B on a backgroun d si milar to Fig. I, Nerlove ( 1993 ) , 
for positive A an d B. The line clearl y crosses regions of both stability an d instability. 
Where on this line we are determines whether or not the equilibrium is stable. In the 
first nu merical example 

(wm/y*)(l-0)(1-a)_ f3 tr 1 1-(a+f-1.) 

= 2(wm )(1-0)-..!... y* 2 

It follows that the issue of stability or instability turns on the magnitu de of (wmfy*)(l -
o) an d since (1 -0) is likel y to be close to one, on the ratio of the mini mum wage to 
per capita output at the stationary point. Onl y if this is rather small, will the equilib­
rium be stable. In particular tr 1 must be less than (1 -B)/A, which places a clear con­
straint on (wmfy*)(l - o )  given the values of a, {3, a an d fl. 
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This e xten ded example shows that the existen ce an d nature of an equi librium of 
the capita l-labor an d resour ce-labor ratios with en dogenous popu lation turn cru cially 
on the minimum wage in relation to output or to the capital-labor ratio. If this is 
very large, the resu lting equi librium, although li kely to exist, wi ll generally be unsta­
b le. 

2.4. Lucas and Romer: new directions in growth theory 

Recent work exten ding So low' s an d Swan' s  earlier contributions fo cuses on the im­
p li cations of increasing returns an d in vestment in human capital. Solow ( 1 992) charac­
terizes the neo classi cal growth model, i.e. Solow -Swan an d its deri vati ves, as fo llows : 
"The main impli cation of this mode l  is that, no matter where it starts, it ten ds e ventu ­
ally to a steady state indepen dent of the initial con ditions (i.e. the initial stock o f  capi­
tal) .  In that steady state extensi ve quantities li ke aggregate output are growing at a rate 
equal to the sum of the rates of labor-force growth an d labor-augmenting technologi­
cal progress. Thus per capita output, capital an d consumption a ll grow at the same rate 
as techno logy is improving .. . .  the asymptoti c growth rate for the model  economy de­
pen ds on ly on the exogenously given rates of technological progress and population 
growth [itali cs supp lied]". Modifying the basi c Solow -Swan mode l  so as to a llow for 
en dogenous popu lation growth an d/or en dogenous saving does a llow for a somewhat 
ri cher set of con clusions ; in pa rti cu lar the possibi lity that multiple stationary equi libria 
exist allows each e conomy to arri ve at a point depen ding on the initial capital stock 
an d popu lation. It remains true, however, that per capita growth in output, consump­
tion an d capita l sto ck can on ly o ccur asymptoti cally at the same rate as techni cal  prog­
ress. 

Romer ( 1 986, 1 990) an d Lu cas ( 1988) argue that this con clusion does not accord  
with even the most basi c facts : new techno logy i s  wi dely accessible everywhere with 
little lag. Thus, e ven though the actual levels of capital stock, consumption an d output 
per capita may differ depen ding on initial con ditions, rates of growth shou ld ten d to 
equality everywhere. If there were on ly one unique stationary equi librium, the mode l  
pre di cts that poor countries should grow faster than ri ch countries but that a ll 
should eventually grow at the same rate. A lthough the facts are in some dispute (see 
Bai ly an d S chultze, I 99 0; Man kiw et al. ,  1992), there is some e vi den ce that it is 
primari ly the poorest countries that continue to fall behin d those that entered the mod­
ern in dustrial age by mi d-twentieth century, whi ch is clearly at varian ce with the 
imp li cation of neo classi cal growth theory without en dogenous popu lation growth. 
Rather, however, than seek an e xp lanation in terms of one of several stab le equi libria 
in a mode l  with en dogenous ferti lity an d/or mortality , both Lu cas an d Romer, as 
well as other contributors who ha ve followed their lead, seek an explanation in 
terms of en dogenous techni cal  change an d thus to en do genize the per capita growth 
rate. 
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One way to en dogenize growth is to augment the neoclassical mo del so that in­
vestment in knowledge, an d thus technical change, is economically motivated. Bose­
rup's approach, discusse d in the preceding section, represents a variant of this, al­
though without additional assumptions, cannot explain growing per capita consump­
tion or divergencies among countries. The assumption of increasing returns may also 
provi de an avenue, as Young ( 1 928) recognized long ago, although, as Solow ( 1992) 
notes increasing returns by itself is not sufficient to achieve en dogenous growth. What 
Lucas does, in a ddition, is to i dentify technical progress with the accumulation of 
"human" capital, but as a stock of knowledge which survives the bearer rather than as 
a stock of skills which must be embodie d in a particular human agent an d which dis­
appears when that agent dies. Both Lucas an d Romer model production technology 
so that i n divi dual firms see constant returns to scale in the inputs they control but, 
because of favorable spillovers, there are increasing returns in the aggregate. This is 
in sharp contrast to the way in which Nerlove ( 1 974) treated human capital in his ex­
planation of the demographic transition ;  there the central feature of human capital 
was precisely that it died with the bearer so that an e xogenous fall in death rates, 
particularly infant an d chi ld mortality, greatly enhanced the returns to parental 
investment in the human capital of their chi ldren, one form of which were in the form 
of better health an d nutrition, further increasing the probability of survival. A ddi­
tionally, Lucas assumes that aggregate production technology can be represente d as 
F(K, HL), where K is the stock of phys ical capital, L is employment (proportional 
to population), an d H is the accumulated stock of "human" capital or of knowledge 
per capita. That aggregate output depen ds only on the total stock of "human" capital 
or knowledge an d not on how it is embodied is an e xtremely strong assumption an d 
one which we woul d regard as unrealistic: Are ten workmen who can read, for 
e xample, always worth one hun dred who cannot no matter what the size of the labor 
force? 

Increasing returns are fun damental to the arguments of both Romer an d Lucas but 
in different ways: Romer assumes that the creation of new "knowledge" by one firm 
has positive e xternal effect on the production possibilities of other firms so that the 
production of the consumption good as a function of stock of knowledge e xhibits in­
creasing returns. Lucas, on the other han d, assumes that in divi duals acquire produc­
tivity enhancing skills by investing time in learning ; accumulation of skills by one 
i n divi dual not only enhances his pro ductivity, it also enhances the pro ductivity of all 
workers through its positive spill-over effect on the average skill level of the whole 
labor force ; "human" capital or the stock of indivi dual sk ills is produced from accu­
mulated average level of skills an d foregone labor time with increasing returns 
(constant returns to each factor indivi dually) (see Raut an d Srinivasan ( 1 993) for an 
e xtensive survey of these models). 

It shoul d be noted that the spill-over effects of the average stock of human capital 
per worker in the Lucas model an d of knowledge in the Romer mo del are e xter-



Ch. 20: Growth Models with Endof?enous Population: A General Framework 1 14 1  

nalities unperceived (an d hence not internalize d) by in divi dual agents. However, 
for the econo my as a whole they generate increasing scale econo mies even though 
the perceived production function of each agent exhibits constant returns to scale. 
Thus by intro ducing nonconvexities through the device of a Marshallian externality 
Lucas an d Romer are able to work with interte mporal co mpetitive (albeit a socially 
nonopti mal) equilibrium. Both in effect make assu mptions that ensure that the 
marginal product of physical capital is boun ded away fro m zero, an d, as such, it is 
not surprising that in both models sustained growth in income per worker is possi­
ble. Thus Lucas an d Ro mer avoi d facing the proble m that research an d develop­
ment (R&D) which leads to technical progress, is naturally associate d with i mper­
fectly co mpetitive markets. (Raut an d Srinivasan, 1993: p. 8.) 

Un der either set of assu mptions, it is possible to show that steady-state growth rates 
depen d on preferences an d on policies affecting private incentives or disincentives to 
invest in either form of capital. So, while these models are ad hoc, the purpose of ex­
plaining why stea dy-state growth rates do not converge is accomplished. Because of 
Lucas' treatment of "hu man" capital as a stock of general knowledge, which lives on 
after its initial e mbo di ment in an indivi dual hu man being, an d Ro mer's treatment of a 
general stock of knowledge, however, their models are of little use in accounting for 
the de mographic transition. What is required for that is a deeper understan ding of the 
incentives of parents to invest in the in divi dual-specific hu man capital of their chil­
dren. Growth in general knowle dge an d en dogenous technical change are un doubtedly 
i mportant to the un derstan ding of the process of econo mic growth more generally, but 
fa milies' decisions with respect to the numbers of chil dren they have an d those that 
affect their survival are crucial to understan ding how econo mic growth an d de mo­
graphic change are related. 

3. The microeconomics of endogenous population: fertility, mortality and 
investment in children 

In this section, we explore a nu mber of recent models of family decision- making rele­
vant to the relation between demographic change an d econo mic growth. We begin 
with a discussion of the fun damental trade-off between the quality an d the quantity of 
chil dren. We continue with a survey of mo dels which e mphasize parental altruis m as 
the motivation for parental concern with both nu mbers an d quality of chil dren. Next, 
we turn to nonaltruistic motives for having surviving chil dren such as parental security 
in ol d age an d discuss models in which parents may invest in their chil dren so as to 
enhance the chances for their survival or to i mprove their future productivity. Finally, 
we return to a discussion of two-si de d  altruis m (parents for chil dren an d chil dren for 
parents) as a basis for parents' transfers to children an d chil dren' s  subsequent transfers 
to parents. 
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3. 1.  Quality versus quantity: the Becker-Lewis model1 

Th e trad e-offs betw een quantity and quality of children and b etween quantity of chil­
dren and incom e, ex plored in this s ection, w ere advanc ed by B ecker and Lewis 
( 1 973). If parents care about th e numbers and w elfare of th eir children and, at l east 
partly, control th es e  variabl es so as to maximiz e th eir own util ity, c ertain nonlin eari­
ti es and nonconvexiti es are introduc ed in th e budget constraint which th ey fac e, and 
c ertain characteristics of th e utility function which th ey maximize are modifi ed in 
contrast to th e constraint and maximand encounter ed in th e traditional th eory of con­
sum er choic e. Th e s eminal paper of B ecker and L ewis ( 1973) shows how th es e  modi­
fications may affect th e relation betw een incom e and d esired fertility ev en wh en chil­
dren are a normal good. 

Consider a pair of parents as an individual d ecision-maker who consu m es units of a 
singl e com posite consum ption good (c). Th e parents also extract utility from th e num­
b er of th eir children (n) and th e quality, or w ell-b eing (b), of each on e of th em. This 
quality is m easured by th e units of th e singl e com posite good spent on th es e  children 
( e.g., on th eir education, h ealth, etc.). For th e sak e of sim plicity, w e  treat n as a con­
tinuous variabl e. We com e back to th e importanc e of th e discret e  variability of n be­
low. In addition, w e  assum e that all children are id entical and that th e parents treat 
th em sym m etrically, so w e  us e th e symbol b for th e quality of ev ery child. 

Th e par ents hav e a direct utility function, 

u *(c, b, n), (3.1) 

wh ere u( > 0, i = 1 ,2,3. This m eans that th e parents extract positive utility from all 
three variabl es, c, b, and n. Th e parents choos e both b and n in addition to c. Note that 
w e  i m plicitly assum e that parents corr ectly antici pate that each of th eir children will 
be id entical and all will be born at th e beginning of th e d ecision period. L et th e par­
ents' incom e, in t erms of th e singl e com posite good, be  I. Th ey s pend c on th ems elves 
and a total of bn on th eir children. We also allow for a pecuniary b en efit from each 
child, d enoted by a and m easured in terms of th e singl e composite good. Parents cor­
rectly antici pate this b en efit, which could be a child allowanc e paid by th e govern­
m ent, a wag e earn ed by th e child and contributed to th e hous ehold incom e, etc. Th e 
b en efit could also b e  n egative if th ere is a tax on children. Thus, th e par ents' budg et 
constraint is 

c + bn $ I  + an. (3.2) 

Th e t erm bn makes th e budg et constraint nonlin ear. Furth ermore, th e budg et s et 
{ (c, b, n) I c + bn <I + an } ,  describing th e parents' feasibl e bundl es of c, b, and n, is 

1This section draws on the earlier exposition of Nerlove et at. ( 1 987: Ch. 5). 
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not convex. Notice, however, that the utility function, Eq. (3 . 1 ), can still have all the 
pro perties conventionally assumed, such as increasing monotonicity an d quasi­
concavity. 

The analysis an d results of traditional theory hol d for a linear bu dget constraint but 
with some modification can be applie d to this case. The basic i dea is that, since, as 
long as the Ma rshallian an d Hicksian deman d  functions are well defined an d differen­
tiable, stan dard results follow. The analysis is carrie d out in Nerlove et al. ( 1 987: Ch. 
5) by sim ply redefining the choice variables of the consumer unit so as to obtain a 
linear bu dget constraint at the expense of losing the conventional properties of the 
utility function. Then, the conventional results ap ply with res pect to the newly define d  
variables. 

S pecifica lly, defining by q the total ex pen diture on chil dren (i.e., q = bn) an d letting 

u(c, q, n) = u*(c, qln , n), (3.3) 

the parents' optimization problem is to choose c, q, an d n so as to maximize Eq. (3.3) 
subject to the following linear bu dget constraint: 

c + q ::;; I +  an. (3 . 4) 

Observe that while u* is monotonically increasing in its third argument, n (i.e., 
u3* > 0), it follows from Eq. (3.3) that u nee d not increase in n because of the term qln 
in u*: 

* 
quf 

u3 = u3 - --2- . 
n 

Furthermore, the number of chil dren in the budget constraint, Eq. (3. 4), appea rs in the 
same way as the labor supply ap pears in a conventional mo del, i.e., it adds to income 
rather than to ex pen ditures (assuming a >  0). Thus, at the parents' o ptimum, the mar­
ginal utility of n (namely, u3) must be negative. With this linear bu dget constraint, al l 
the conventional results of traditional theory hol d with respect to the variables c, q, 
an d n. 

If the economy, in the context of which the re presentative household makes its 
fertility decisions, is growing, the ty pical family's income will be growing. In the 
Becker-Lewis model, it is possible that fertility is reduced even though chil dren are a 
normal consumption goo d. To see this, consi der first the consumer o ptimization 
problem in terms of the original utility function, u*, an d the nonlinear bu dget con­
straint Eq. (3 . 2) : 

max u * (c, b,n), such that c + bn ::;; I 
c,b,n (3.5) 
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(To s impl ify the analys is an d make it comparable to that of Becker an d Lewis, we let 
a = 0. a =t:. 0 w ill play a further role in mult iperiod models in wh ich transfers from 
ch il dren to parents also occur.) One can see that the qual ity of chil dren (b) is the 
"price" of the quantity of ch il dren (n) an d v ice versa. Thus, some of the parents' 
choice variables also act as prices, an d the usual condit ions on the util ity funct ion that 
guarantee the normality of a certain good do not apply . New conditions must be de­
rive d. 

The optimal c, b, an d n in the problem, Eq. (3.5), all depen d  on income I. Denote 
the optimal c, b, an d n by C(/), B(l), and N(l), respectively; we are intereste d here in 
the s ign of the elasticity of N with respect to I. As we note d, th is is not the stan dard 
question as to whether a certa in good is a normal good, an d one cannot use the stan­
dard conditions for normal ity. Therefore, we form a hypothetical problem that is a 
stan dard consumer optimization problem; we explain below how it is relate d to our 
true problem, Eq. (3.5). 

Cons ider the following problem:  

max u* (c, b, n), such that c +  p,b +  Pnn ::; I + M, 
c,h,n (3 .6) 

where p, > 0, Pn > 0, an d M are parameters. One can interpret p, an d Pn as the "prices" 
of qual ity an d quantity of chil dren, respectively; M is interpreted as a lump-sum trans­
fer. Now Eq. (3.6) is a stan dard consumer optimizat ion problem, an d one denotes the 
optimal bun dle of c, b, an d n by C(p,, Pn• I +  M), B (p,, Pn• I + M), an d N (p,, Pn• I +  
M), respectively. The latter functions are conventional Marshallian deman d functions 
an d, in particular, we assume that they e xhibit normality: 

Comparing Eq. (3.5) with Eq. (3.6), it is straightforward to establish the relationsh ip 
between ( C, B, N) an d ( C, B, N ). Evaluated at p, = N(l), Pn == B(l) an d M = N(l)B(l), 
the bun dle (C, B, N) is equal to (C, B, N): 

C(N(/), B(/), I +  N(l)B(l)) = C(/), 

B(N(l), B(l), I + N(l)B(l)) = B(l), (3 .7) 

N(N(l), B(l), I +  N(l)B(l)) == N(l) . 

Differentiating totally the last two relationships with respect to /: 
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- - dN - - dB -(B1 + BB3 )dl + (B2 + NB3 - I)dl = -B3 ,  

- - dN - - dB -(N1 + BN3 - l) - + (N2 + NN3 )- =  -N3 . 
d/ d/ 
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(3 .8)  

Employing the Hicks-Slutsky equations corresponding to the hypothetical prob­
lem, Eq. (3 .6), one sees that 83 +BB3 is the Hicks-Slutsky substitution effect of the 
"price" of the quality of children on the quantity of children demanded. Denote this 
effect by shh 0 Also, Bz + NB3 is the Hicks-Slutsky substitution effect of the "price" of 
the quantity of children on the quality of children demanded: denote it by shn . Simi­
larly, NJ + b N3 = snh ,  and Nz + NN3 = snn 0 By the symmetry of the Hicks-Siutsky 
effects, Shn = snh . Substituting these relationships into Eq. (3.8) and solving for dN/d/: 

In elasticity terms, Eq. (3.9) becomes 

similarly, 

where 

_ - N l + NB 
'YJnJ - 3 

N 

I k = < I  
l + NB ' 

income elasticity of N(l), 

income elasticity of N ( ) (assumed positive), 

income elasticity of B ( ) (assumed positive), 

(3.9) 

(3. 10) 

(3 . 1 1 )  
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own-substitution elasticity of N ( ), 

own-substitution elasticity of B ( ), 

- _ SnbPb _ S-cnb = ---=-- - nb • 
N 

cross-substitution elasticity. 

Thus, one can see from Eq. (3. 1  0) that, if there is a unitary substitution elasticity 
between the quantity and quality of children (i.e., 'inb = 1 ) ,  then 1Jnl = -(kl'ibb )1Jbl > 0, 
by the negativity of own-substitution elasticity, 'ibb • and the normality of b(1jb1 > 0). 
In this case an increase in income increases fertility (and, as can be seen from Eq. 
(3. 1 1  ), child quality as well). 

Now assume that the substitution elasticity between the quantity and quality of 
children is larger than I (i.e., 'inb > I). Also assume that total expenditure on children 
increases with income (i.e., N(l)B(l) increases in I). This means that at least one of the 
components of this expenditure, N(l) or B(l), must be increasing in income. Suppose 
then that 1Jbl > 0. Since it is assumed that 'inb > 1 ,  it follows that the numerator on the 
right-hand side of Eq. (3. 1 1 ) is negative. Hence the denominator must also be nega­
tive. But it then follows from Eq. (3. 10) that 1Jnl is positive. Thus, under the assump­
tion that total expenditure on children increases in income, a high degree of substitut­
ability between child quality and quantity (i.e., 'inb > I) implies that income has a 
positive effect on both the quantity and the quality of children (i.e., both 1Jnl and 1Jbl are 
positive). 

However, as this quantity-quality problem is not a standard consumer choice 
problem, one can extract from Eq. (3 . 1 0) many cases in which income has a negative 
effect on fertility (i.e., 1Jnl < 0). If the substitution elasticity between the quantity and 
quality is smaller than one ('inb < 1 ), there are two possibilities. 

One possibility is that the denominator of Eq. (3 . 1  0) or Eq. (3. 1 1 ) is positive. This 
occurs when the own-substitution elasticities ('ibb and 'inm )  are relatively low. In this 
case one can see from Eq. (3. 10) that if the income elasticity of quality in the hypo­
thetical problem, Eq. (3.6) (namely, 1Jh1) is substantially higher than the income elas­
ticity of quantity in the same problem (namely, 1Jn1), then child quantity falls with in­
come (1Jnl < 0) while child quality rises (1Jbl > 0). 

The other possibility is that the denominator of Eq. (3. 1 0) or Eq. (3 . 1 1 ) is negative. 
This occurs when the own-substitution elasticities ('ibb and 'inm )  are relatively high. In 
this case, if 1j bl is substantially lower than 1j nl , then, again, 1Jnl < 0 and 1Jnl > 0. 

Introducing the quantity and "quality" of children in parents' utility function intro­
duces a nonlinearity and nonconvexity in the budget constraint. However, a reformu­
lation in which the budget constraint is linear but the utility function is no longer mo-
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notonically increasing and strictly quasi-concave permits us to apply the conventional 
theory of consumer choice to derive the result that, even if the income elasticities of 
demand for both quantity and quality of children are positive, the observed 
(uncompensated) elasticity of fertility (numbers of children) with respect to income 
may be negative. Whether or not this occurs depends in part on the elasticity of substi­
tution between quantity and quality of children in parents' utility function. 

3.2. Parental altruism and investment in human capital 

In a series of papers, Becker ( 1 988), Becker and Barro ( 1 988), Barro and Becker 
( 1 989), and Becker et a!. ( 1 990, extended in Tamura, 1 992), seek to establish a con­
nection among fertility, bequests which may be in the form of human capital forma­
tion, parental altruism and economic growth. In their basic model, parents choose both 
the number of children and the capital, both human and physical, bequeathed to each 
child. One possible interpretation of the "quality" variable in the Becker-Lewis for­
mulation, presented in Section 3. I ,  is as the investment or bequest in the form of hu­
man capital to the child. Parents' choices are driven by the trade-off between the altru­
ism which they feel towards their children and the satisfactions which they derive 
from their own consumption and from having children. More formally, parents choose 
the optimal values of their own consumption, the number of children and the capital 
transferred to each child, taking into account the costs of rearing children and the de­
pendence of their own utility on the utility of their children. This analysis thus repre­
sents an extension of the Becker-Lewis model of the trade-off between quality and 
quantity of children. The difference between the model discussed here and the earlier 
model is that the "quality" of children is now given an explicit interpretation in terms 
of bequests to children in the form of human and/or physical capital, and an explicit 
rationale for the inclusion of such a "quality" measure in parental utility functions is 
given in terms of the "love" which parents feel towards their children, i.e., the degree 
to which children 's utilities enter parents' utilities and trade-off with parents' own 
consumption and desires for children. 

In this formulation there is no explicit recognition of the reasons why even basi­
cally altruistic parents might want surviving children. Although many would not re­
gard such an omission as a serious shortcoming (need we offer any reason for the en­
joyment of a symphony?), even in economically developed societies parents derive 
obvious benefits from surviving children in old age, and concern with old age security 
is an even more important consideration in poor countries with limited means for par­
ents to transfer consumption from productive and healthy years to years of decline. In 
the next section of this part, we consider a model in which parents have children and 
invest in them both because they "love" them and because they expect benefits from 
their children in old age. This formulation raises an extremely difficult issue as to why 
parents might expect their children to contribute to parents' welfare at the expense of 
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their own consumption and contribution to their own children's welfare. The answer is 
presumably "reverse altruism", that concern of children for their parents' welfare. But, 
as we shaH see, certain asymmetries, across generations backwards versus forwards, 
complicate the analysis, as weJI as divergencies among individual endowments which 
may result when survival is stochastic. 

The aim of the Barro and Becker ( 1 989), analysis is to describe the way in which 
the economy and population evolve through time in consequence of the endogeneity 
of fertility and capital formation. Becker ( 1 988), for example, is quite explicit about 
this aim, in describing research designed to model economies which have both low­
welfare equilibria with high fertility or population and low levels of capital and those 
with low fertility and high levels of capital and/or economic growth. Extension of 
microeconomic models of fertility and human and physical capital formation in this 
direction requires, however, certain general equilibrium considerations. 

Suppose that parents care about the number of their children and their children's 
welfare or utility. Employing the notation of the model presented above but adding the 
generational subscript t, we now have first-generation utility 

(3. 1 2) 

If parents and children do not differ each from the other and from one another, 

Ut + I = U(Ct + I ,  nt+ I ,  Ut + 2) 
and so on. Moreover, each child receives the same bequest from her parent. (Suppose 
one-parent families.) Imagine this bequest, b1, to be in the form of physical capital and 
to act simply as an addition to the endowment of each child, i.e., each individual in the 
next generation. Thus the problem of each parent is to maximize u1 in Eq. (3. 1 )  subject 
to the budget constraint 

c1 + (b1 + a)n1 :s; 11 + bt- l • (3. 1 3) 

where a denotes additional exogenous costs (or benefits) of rearing a child. This is an 
extremely difficult problem and not one which, as far as we know, is capable of any 
general solution. However, Becker and Barro ( 1988) (see also Nerlove et a! . ,  1 987: p. 
78; Barro, 1 974; Razin and Ben Zion, 1 975) assume a particular form of additively 
separable utility: 

(3. 14) 

P(n1) measures the degree of altruism per child which Becker and Barra (B-B) assume 
to be decreasing with n, P' :s; 0. We have put a hat over the utility of the next genera-
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tion to indicate that it is the parent's "estimate" of each child's utility. B-B assume 
perfect foresight and replace Ur + 1 with U1 + I • but this is quite a leap, although, of 
course, if one does take perfect foresight seriously, it is a natural starting point. 
Somewhat different and not uninteresting conclusions emerge if u,+ 1 is some function 
of the parent's choices of b, and n,. In this case, u, + 1 is the maximum taken over c, + 1 ,  
b,+ 1 and n1 + 1 , given I,, b, and the expectation (or estimate) of per child endowment, 
f, + 1 ,  but it is not necessarily the same as u, + 1 .  

3.2. 1.  A nonrecursive formulation with altruism and bequests 

Let us define f,(b,, 1,+ I ) = u,+ I to be the parent' s expectations of her child's future 

welfare. Then the parent' s problem is 

max {v, (c, ,  n1 ) + {3(n, )nrf, (b, , �+I ) } ,  
c,n,h 

such that c, + (b, + a)n, ::; 11 + b1_1 , (3 . 1 5) 

where I,, f,+ 1 and b,_ 1 are given. Neglecting the integer restriction on n, and assuming 
an interior solution, the first-order conditions are 

VI = A, 

v2 + {3(n1 )[1 - c. 13 ]J(b, �+I ) = A.[b, + a] ,  (3 . 1 6) 

{3(n1 )nrf' (b, , /,+1 ) = A.n, . 

where c.13 = -n/3'1{3 the elasticity of the degree of altruism with respect to the number of 
children. These conditions have the following interpretation : A. is the marginal utility 
of the parent's consumption. The elasticity c.13 is defined as positive since {3' ::; 0 is as­
sumed. If {3' = 0, c.13 = 0 and {3 is a constant, equivalent in the B-B formulation to the 
usual form in which the future is discounted. If c.13 < 1 ,  there is a positive benefit from 
having an additional child in addition to the direct marginal utility v2 which results 
from the altruistic impact of the child's welfare. These benefits, in turn, are set equal 
to the marginal costs of the child valued in terms of the parent's own consumption, 
A.[b, + a] .  These costs are not parameters of the problem because they depend on the 
parent's choice of bequest, through .A, and on the choice of her own consumption 
level, as well. Finally, cancelling n, from both sides of the last equation, the marginal 
benefit of increasing the bequest, which is solely altruistic, is equated to the marginal 
utility of consumption. If u, = u[c,, n1, b,] = vr(c1, n1) + {3nJ(b1, f,+ 1 )  is assumed to be a 
concave function of the three arguments, the conditions Eq. ( 1 6) are necessary and 
sufficient for an interior maximum. The problem is identical to the one which we 
analyzed above with z, = b, + a  and I replaced by I1 + b,_ 1 •  
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While, for the reasons adduced above, increases in exogenous endowment or pre­
vious parent's bequest need not increase fertility n1, other effects may be less ambigu­
ous: an increase in the exogenous cost of a child unambiguously increases the cost of 
having an additional child and therefore results in substitution of bequests and own 
consumption for child numbers, i.e., a reduction in fertility. What about the effect of 
an exogenous increase in the degree of altruism? Let {3 be constant. An increase in {3, 
holding bequests, child numbers and the parent's expectations constant, unambigu­
ously increases the parent's utility. While such an increase in altruism may increase 
both child numbers or bequests at the expense of the parent's own consumption, fer­
tility may not increase for the same reason that an increase in the exogenous endow­
ment of the parent need not increase fertility even if both child numbers and their wel­
fare are normal goods. 

Note that parental bequests act only through parent's altruism and their effects on 
parent's expectations of the welfare of her offspring. Eliminate altruism, and bequests 
are eliminated. Assuming minimal effects on parental expectations of her ability to 
influence the welfare of her children, standard theory applies with respect to the ef­
fects of changes in child-rearing costs and in exogenous parental endowment. But, 
even in this case, it is interesting to note that parents will unambiguously have more 
children than if there were no altruism (because of the additional utility generated 
by the term {Jnfi..fr + 1) in the utility function) despite the fact that they leave no be­
quests. 

3.2.2. A recursive formulation with altruism and bequests 

The formulation of the preceding subsection does not lend itself to the analysis of 
growth paths of population and bequests because parents' behavior depends on their 
expectations of the future welfare of their children, which only partly depend on the 
bequest left to each. Change parental expectations and you change everything. In a 
deterministic world, rational expectations and perfect foresight coincide. If in addi­
tion, children have the same utility functions, then under the separability assumption 
of the previous section, the recursive utility function (3. 1 2) yields the following dy­
nastic utility function of the parent in period 0: 

(3 . 17) 

where the constraint set involves equality. In order for the infinite sum in Eq. (3. 17) to 
converge, it suffices that v(.) is bounded and 

0 < {J(n1)n1 < I (3 . 1 8) 
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for the sequence in question. Clearly this will not be the case for all sequences. If we 
further assume that the children have the same exogenous endowments (independent 
of parental bequests) as their parents do, the counterpart of the maximization problem 
of the previous section becomes 

such that c, + (b,+1 + a)n, = I  + b, ,  t � 0 .  (3 . 1 9) 

We have replaced the inequality in the constraint of problem (3 . 15)  by equality, since 
it will never be optimal to leave anything over if children and their welfare and con­
sumption are all desirable. 

Under certain conditions, the problem in Eq. (3 . 19) can be solved using dynamic 
programming techniques. For all t ;::: 0, let u*(b,) be the value function of generation t 
for given level of bequest, b,, that a parent of generation t received from his/her par­
ents. Then the Bellman equation or functional equation of the problem in Eq. (3 . 1 9) is 

u* (b1 ) = max{v(c, n1 ) + /3(n1 )n1 u* (bt+I ) } ,  
c,n,h1+1 

such that c1 + (b1+1 + a)n1 = I +  b, . (3 .20) 

The problem is then to solve for a differentiable concave value function u*(.) that sat­
isfies Eq. (3.20). Given this value function, from the first-order conditions of problem 
(3 .20) one obtains the optimal solution for n1 and b1 + 1 (and hence c1) as a function of 

bt.: 

(3.2 1 )  

Usually, one starts with the formulation i n  Eq. (3. 17)  and derives Eq. (3.20), and char­
acterizes the solutions (see Stokey et a!. ( 1 989: pp. 66-1 02) for an exposition of this 
technique). A serious problem in our context of endogenous fertility is that even when 
we assume that the utility function v(c,, n1) and the degree of altruism /3(n1)n1 are all 
concave, the value function defined in Eq. (3.20) is not concave. Assuming Eq. (3.22) 
below, Ben habib and Nishimura ( 1989) within the above framework, and Nishimura 
and Raut ( 1 993) in a somewhat more general framework, characterize the local dy­
namics of the optimal solution of Eq. (3.20) around a convex neighborhood of a 
steady state in which the optimal value function u* is differentiable and concave. 

B-B ( 1 988, 1989), Becker et al. ( 1 990), and Tamura ( 1 992), for example, all re­
strict that part of the additively separable utility function of the parent referring to the 
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parent's own utility from consumption and children, to depend on the parent's con­
sumption alone, that is 

Even then the analysis is too difficult to be carried out explicitly. 
Two further restrictions introduced in B-B ( 1 988) are: 

(a) Constant elasticity altruism: 

(b) Constant elasticity utility of own consumption: 

v(c1 )  = c� , 0 < a <  1 .  

(3.22) 

Two extensions to the formulation above designed to make the micro model adaptable 
to an equilibrium growth framework are: 
(c) Replace I by w1, a variable adult wage rate. 
(d) Replace b1 by ( 1 + r1)k1 _ 1 ,  where k1 is the per capita stock of physical capital be­

queathed to each child and r1 is the rate of return to physical capital. 
The parent' s budget constraint in Eq. (3. 1 9) then becomes 

c1 + (k1 + a)n1 = w1 +(I + r1)k1_ 1 (3 .23) 

and his/her problem to maximize the so-called dynastic utility function: 

(3.24) 

subject to constraint (3.23). The variables controlled by the parent are his/her own 
consumption, c1, the number of children he/she has, n1, and his/her bequest per child of 
physical capital, k1• Variables exogenous to the parent's decision are the adult wage, 
w1, his/her parent's bequest, k,_ b and the rate of return on physical capital, r1• The cost 
of rearing a child, a, and the elasticities -/31 and a, and the coefficient {10 are also pa­
rameters of the parent's problem. 

One of the underlying assumptions in these models is that the parent perfectly fore­
sees the paths of future w1 and r1 (and, of course, his/her children as parents do so too). 
We leave it to the reader to judge how realistic such a perfect foresight assumption is, 
but it is essential to the development which follows. 

For the existence of a solution with a positive number of children, the condition 
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is necessary, which can be seen as follows. Let 

i-1 
N; = n n, 

t=O 
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(3.25) 

be the number of descendants in the ith generation of an individual alive now. 
C; = N;c; = total consumption in the ith generation. Then, since 

Uo = cg + f3onon�{3, cf + /36 (n0ni )(non! rPt c� + · · · 

= cg + f30N11-f3cf + f36Ni-f3c� + · · ·  

= cg + f3o Nt{3, -a (Nici )a + · " , 

it follows that 

Hence, Eq . (3.25) is a condition that our}oN; > 0, a condition which must hold near the 
maximizing values of n1 and k1 if parents are to produce children at all .  

Neglecting integer restrictions, as we have throughout this section, B-B obtain the 
first-order conditions by setting the derivatives of the Lagrangian 

urf = I {cf {J�NJ-!3, - A;[c; + (k; + a)n; - W; - ( 1  + r; )k;-d } (3.26) 
i=O 

equal to zero: 

(3.27) 
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where Vj = f3{/v/-f3tcf. There is also a "dynastic" budget constraint based on the fact 
that the individual budget constraints must hold each period: 

(3.28) 

Taking ratios of successive equations in Eq. (3.27) yields three intertemporal 
"arbitrage" conditions: 

A j +I __!!j____ 
A. j I +  rj+l 

Since 

= 
vj+l 2 
vj cj+l 

� 
n/kj + a) L, V; 

= ____ ...;_i=....::j_;_+=-2-
� 

nj+l (kj+l + a) L VI  
i=j+l 

(3.29) 

these equations can be rewritten in terms of the "discounted" value of the ratios of 
consumption in successive periods and the ratio of total costs (bequests plus rearing 
cost) of children: 

(3 .30) 

The ratio of the birthrate to returns to physical capital (1 + rj+ 1 ) provides the key in­
tertemporal link between the trade-off between the total costs of having children in 
different generations and per capita consumption of parents in each generation. Given 
an initial bequest endowment in the first generation, Eqs. (3.29) or (3.30) determine 
the law of motion of birthrates and bequests, and, since the constraint (3.20) holds 
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in each period, of consumption per capita, as functions of rearing costs, wage rates 
and returns to capital . Coupled with an economy-wide production function which 
would determine wage rates and returns to capital as functions of total population and 
total capital stock, the B-B model provides a complete endogenous explanation with 
only initial wealth, k0, and rearing costs, a, as exogenous. Indeed, such an explanation 
is B-B's  aim in B-B ( 1 989). We note here some of the implications of changes in 
wages, rates of return to capital, rearing costs and altruism on the behavior of fertility, 
bequests and consumption. Some of these implications are sensitive to the functional 
form of the utility function and the way in which altruism enters. 
I .  Consumption per capita, cj, rises across generations only if the rearing cost a rises, 

and does not depend on {30, the degree of altruism (time preferences), on fertility, nor 
on the return to capital, rj (interest rates). 

2. Changes in the returns to capital affect mainly fertility, nr This variable increases 
with the interest rate and with the degree of pure altruism. 

3. Changes in initial wealth, ko, do not affect future consumption per person if child 
rearing costs do not change. Greater wealth affects initial consumption of the 
"dynasty" head but also results in increased fertility which offsets this effect for fu­
ture generations. Nor are future bequests per child affected by changes in initial 
wealth. 

4. A tax on children in the jth generation, compensated by an increase in initial wealth, 
increases consumption and reduces fertility only in the jth generation (if the return to 
capital is unaffected). Even a permanent compensated tax on children reduces fertil­
ity only in the generation enacted, but, of course, total population in successive gen­
erations is lower as a result even though its rate of growth is unchanged. 

5. Constancy of w, r, and a over time and the particular form of the altruism function 
and utility function ensure that a unique steady state of fertility, consumption and be­
quests, across generations, exists and is globally stable. Such a state is reached in one 
generation starting from any initial position. Note, however, that such a steady state is 
not a steady state of the economy in general equilibrium. 

The model in B-B ( 1 988) is the basis for the discussion in B-B ( 1 989), but in 
Becker et a!. ( 1 990) it is modified so that the stock of a parent's human capital affects 
the time costs of rearing children and market wages. In turn, stocks of human capital 
affect the relative desirability of investing in the human capital of one's children and 
bequests in the form of physical capital. The 1 990 model is primarily directed to an 
economy-wide explanation of fertility and per capita consumption and relies heavily 
on the assumption that increases in the total stock of human capital in the economy 
lead to increased rather than decreased returns. 

3.3. Survival probability, fertility and investment in health care 

In the Becker-Lewis model, parents value the number of their offspring and their 
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"quality" as measured by the bequests parents leave their children, but there is no hint 
in the formulation about why parents might be concerned with the number of children 
they have. Willis ( 1 980) suggests that a major motive for having children in less de­
veloped economies may be to provide for old-age security (see also Nerlove et al. ,  
1 987: Ch.  9) .  In  this subsection we explore the model of Sah ( 1 99 1 )  and its extension 
by Dalko ( 1992), in which fertility choices result from a dependence of parents' utility 
on the number of surviving children, because, for example, the consumption of par­
ents when they are old depends on the number of their offspring who are around to 
support them. Why this should be so, and explicitly what the trade-off between pres­
ent consumption and future consumption (number of surviving children) is, is not 
considered until the following subsection. The focus of Sah's model is on the discrete 
nature of both births and surviving children and on the stochastic nature of the latter. 
Dalko focuses on the way in which parents can influence survival probabilities by 
investments in their children. 

3.3. 1.  The basic model 

Let n be the number of children born in an individual family (a choice variable) and N 
be the number who survive to adulthood. N is a random variable which is assumed to 
follow a binomial distribution for given n and survival probability s, which we assume 
to be known to the family and exogenous to its choice. The ex ante costs of a birth, 
C(n), are assumed to be nondecreasing and a concave function of n. Ex post costs and 
benefits are summarized in the parents' utility function, u(N), which is a concave 
function of N, first increasing and then decreasing, and assumed to account for the 
costs of raising surviving children and the effect of increased numbers on parents' 
current consumption. Parents, who are not altruistic in the sense of caring about their 
children's future welfare, are assumed to maximize the expected utility of births, 
given the survival probability s: 

n 
max U(n, s) = L,b(N,n, s)u(N), n N=O 

(3.3 1 )  

where 

b(N, n, s) = (; }N (1 - s)n-N 

is the probabi lity that exactly N children survive from n births. 
U(n, s) is a discrete function of the discrete variable n and a continuous function of 

the continuous variable s. The binomial density is "bell-shaped" although discrete, and 
its values are approximated by the ordinates of a normal density with the same mean, 
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ns, and variance, ns( I - s). The expectation of u(N) is obtained from the binomial dis­
tribution conditional on n, the number of births, so it has both a larger mean and a 
larger variance for a higher n, given the survival probability, s. Since u(N) is 
"parabolic" in shape, the effect of convoluting it with b(N, n, s) is to "flatten" it out 
and, as long as u(N) remains positive, to move more mass into the upper tail :  thus, if 
u(N) is rising, U(n, s) will also be rising but at a lower rate. For given n, the mean of 
the binomial increases but the variance rises or falls according as s ::;; 112 or s :2: 112; 
thus, for s :2: 1 /2 more weight is given to values of u(N) above and near to the previous 
mean, U(n, s). 

One further rather drastic simplification of the Sah model is that the number of 
births is determined once and for all at the beginning of the decision period and not 
sequentially. Sequential determination makes quite a difference, as Wolpin ( 1 984) 
shows. 

While it is natural to focus on infant and child mortality as Sah's model does, in the 
real world maternal mortality, particularly in child birth (or in abortion-averted births), 
is extremely important. To the extent that C(n) reflects these factors, ex ante costs are 
a much more integral part of the analysis than may appear. 

If U(n, s) and C(n) were continuous functions of n, the optimum number of births 
would be obtained by equating the marginal utility of an additional birth, Un, to its 
marginal cost, en. Conditions for the existence of a positive optimum number of births 
are apparent in this case: Un is falling, eventually becoming negative after U(n, s) 
reaches its maximum, so as long as en is nondecreasing and does not exceed Un at 
n = 0, a positive optimum exists. If we had been dealing with continuous functions of 
a continuous variable, we would simply differentiate this optimum with respect to s in 
order to discover the effects of increasing survival probability on the number of births. 
Unfortunately nothing so simple is possible in this case. 

Provided there is a maximum number of children attainable, it is possible to formu­
late a discrete analog to the usual first-order conditions which determine the optimal 
number of births, ii, as a discontinuous function of the survival probability s. Sah 
( 1 99 1 )  proves the following propositions about this function: 

Proposition 1: n = n(s) is either unique or there are at most two neighboring values 
for the same value of s. 

Proposition 2: "dn(s)l"ds ::;; 0. 

He proves additionally that parents' utility is nondecreasing in s, that is parents are no 
worse off and possibly better off if infant and child mortality declines: 

Proposition 3: ()U(n, s)lds :2: 0. 

While Proposition 3 is not astonishing, its implication for Proposition 2 is a little 
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surprising. Although a fall in infant and child mortality makes parents better off and, 
therefore, if children are a normal good, might be expected to increase the demand for 
surviving children and thus to offset partially the negative effects on births of greater 
survival probabilities, it does not do so in this case as long as the number of births is 
near the optimum simply on account of the way in which s enters the binomial coeffi­
cients in Eq. (3. 1  ). The result has nothing to do with the shape of the ex post utility 
function. Consequently, if the independence of surviving births were not assumed or if 
ex ante costs were not assumed to be separable, this rather strong conclusion would 
not necessarily be obtained. 

3.3.2. Implications for population growth 

Notwithstanding the qualifications which must be attached to Sah's  Proposition 2 that 
increasing survival probabilities result in a fall in the optimal number of births, there 
is considerable empirical evidence to support such a relationship (see Freedman, 1975; 
Preston, 1 978; Schultz, 1 98 1  ). But to say that fertility falls with increasing survival 
probabi l ity is not the same as the proposition that the rate of growth of population 
declines with falling infant and child mortality. Indeed, in general, it does not do so at 
all levels of survival probability, as shown in Nerlove ( 1991 ). 

In one of the models developed there, it is assumed that survival probability is the 
only exogenous factor influencing parental decisions with respect to fertil ity, and it is 
also assumed that, together with its effects on mortality, it is the only exogenous factor 
influencing the rate of growth of population. Of course, survival probability may be 
influenced in part by family decisions or by macroeconomic conditions influencing 
the availability of food or other environmental factors. Abstracting from such compli­
cations, let births per family be a decreasing function of s, the survival probability. If 
all families were identical one-parent households with exactly the same perceptions of 
survival probability, then aggregate behavior would also be discrete. On the other 
hand, if family preferences differ and/or perceptions of survival probabilities, then 
under appropriate assumptions we can treat the aggregate function as continuous and 
differentiable. Let the total number of parents in the population in period t be N1• If 
births per parent in the tth generation are n1, then 

N 
--..l±L = sn 

N r 
I 

in the aggregate, provided N1 is large. Suppressing the subscript t, let 

p(s) = sn(s) 

be the rate of growth of the aggregate population. Then 

(3.32) 

(3.33) 
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(3.34) 

Although n' < 0, 0 'S. p' '5. 0 according as the elasticity of births with respect to sur­
vival probability is less than, or greater than one in absolute value. In terms of the 
preceding analysis, whether this is the case depends on factors affecting the shape of 
the ex post utility function beyond concavity or lack of it with respect to the number 
of surviving children. It is argued in Nerlove ( 1 99 1 ), however, that even if the elastic­
ity of births is greater than one in absolute value in relatively favorable regimes of 
infant and child mortality, it must nonetheless approach zero as survival probabilities 
decline to very low levels simply because of the biological maximum to the number of 
children a women can have. We might also suppose that ex ante costs of child bearing 
would also increase in regimes of high mortality. Thus, at very low levels of survival 
probability, the rate of growth of population will generally increase as a result of fal­
ling infant and child mortality even though the number of births per parent declines. 
When survival probabilities become high, the fall in the optimal number of births as 
infant and child mortality declines further will more than offset the larger numbers of 
such births which survive. 

3.3.3. Investment in health care and survival probability 

Without altruism, the only incentive parents have to invest in their children is to in­
crease their own consumption in old age. More surviving children will augment par­
ents' consumption but so will an increase in the endowment each surviving child is 
able to attain. The preceding analysis can be extended simply by dividing c0,, into two 
parts : 

c0,1 = h, + k1, (3.35) 

where h = health care investment and k = investment in other forms of children's  hu­
man capital . Ex ante costs of births and survival probability become functions of h and 
e, + 1 becomes a function of k. Because 

we see there are two ways to influence expected old-age utility, through increasing the 
expected number of survivors and by increasing the endowment of each. The division 
of c0 into two parts thus requires obvious modifications in the first-order conditions, 
breaking them into two and replacing c0,, by h1 + k, in the constraint. In general, after 
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allowing for the marginal effect, e1+ 1 ,  on a surviving child's  endowment, the condi­
tions require simultaneous equality at the margin of the expected old-age utility of an 
increase per birth in health care, affecting survival, and the other investment, affecting 
a surviving child's endowment, with the marginal disutility of the necessary decrease 
in parents' consumption as young adults. These marginal utility rates of 
return to the two forms of investment depend on the responsiveness of the survival 
probability, on the one hand, and the child's endowment, on the other, to the two 
different forms of investment. Both affect young-adult consumption, but health 
care expenditures may have a partially offsetting effect by reducing ex ante birth 
costs. 

In other respects the analysis closely parallels that given in the preceding subsec­
tion. The possibility of influencing child survival and the earnings capacity of one's 
offspring means that increases in parents' endowments or those of their children, 
which make parents better off, may lead to decreases in fertility because such im­
provements in parents' welfare lead them to spend more on their children, which, in 
turn, increases the probability that their children will survive. Similarly, a small ex­
ogenous upward shift in the survival function may lead to either higher or lower rates 
of population growth. 

3.4. Transfers from children to parents andfertility: old-age security motive 

So far we have considered models in which motivation for children, and bequest in the 
form of health, nutrition and education and physical capital are assumed to be either 
parental concern for their children's  welfare or for the number of surviving children. 
We have examined the effects of survival probabilities, child rearing cost and other 
factors on the growth rates of population and income. Some of the studies along these 
lines also examine the interaction between household decisions and the aggregate 
economy. In this section, we survey a similar literature that developed almost inde­
pendently of the above. In this l iterature, the decisions regarding children, and invest­
ment in their skill ,  health and nutrition are motivated by the amount of transfers that 
parents can obtain from such investments in their old-age. It is apparent that such de­
cisions will depend on the mechanism by which intergenerational transfers are made 
and that these decisions are affected by the existence of publicly provided transfer 
mechanisms such as pay-as-you-go social security program, or subsidies to children's 
education, health and nutrition. We begin with a summary of a few models of endoge­
nous fertility and growth in which the transfer mechanism from children to parents is 
assumed to be determined by social norms; we point out what bearing these optimiz­
ing models have on the nature of dynamics of the models we discussed in Section I ; 
we then discuss how these models could be more appropriately integrated with the 
previous models of this section by introducing two-sided altruism and discuss the as­
sociated technical difficulties. 
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3.4. 1.  The old-age pension motive for children 

When the capital markets are missing or imperfect, parents may treat their children 
analogously to capital goods, i .e., as a vehicle for transferring consumption from pres­
ent to future. Although many authors have pointed out this possibility, and Leiben­
stein ( 1 957, 1 974) attempted partial microeconomic analysis of fertility demand, Ne­
her ( 1 97 1 )  was the first to model formally the old-age security hypothesis and study 
its consequences on aggregate population and income growth. We consider a simpli­
fied version of Neher's model. 

3.4. 1 . 1 .  Ethics of equal sharing within household 
Neher ( 1 97 1 )  considers an agrarian economy of overlapping generations, all living 

in an extended family and having a certain plot of land. Let L, denote the number of 
adults in the family in period t. Adult members of the family work on the family land 
and produce food C1 that is shared equally among all members. Assume that food can­
not be stored. The food production in period t (t 2:: 0) is given by 

C, = F(L,). 

F(.) is assumed to exhibit first increasing and then decreasing marginal product of 
labor. Let n1 be the number of children that an adult of period t decides to have. All 
adults are assumed identical. Those living in period t are denoted by the superscript t. 
With this convention, we denote the parent's consumption in youth in period t - I by 
c;_1 , the parent's consumption in adulthood in period t by c; and the parent's old-age 
consumption in period t + I by c;+l The equal sharing rule means that for given L1_ I >  
L1 and n1 + I >  the constraints, Eq. (3 .36) and Eq. (3 .37) below, hold. Thus the problem 
of the adult head of family of period t is to 

subject to 

c: = ___ F--'(--'L.!..t;.._) -­
L, ( I + n1 ) + qL1_1

' 

c;+l = F(L,n,p) 
L1n1p(I + nr+1 ) + qL1 ' 

(3.36) 

(3 .37) 

where p is the survival probability of children to adulthood, and q is the survival prob­
ability from adulthood to old-age. In the above utility function, {3 may be regarded as 
discount factor adjusted for the probabil ity of old-age survival. Assuming that 
lime � 0u'(c) = oo, then clearly n1> 0 for all t 2:: 0. Thus the first-order condition for the 
above problem after simplification becomes 
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au' (c; )c; L1 f3u' (c;+l ) [F' (L1n1p)]pL1 

L1 (1 + n1 ) + qL1_1 pL1n1 (1 + nr+1 ) + qL1 
(3.38) 

Notice that it is not possible to derive the dynamics of this economy from Eq. 
(3.38), since for all t :2: 0, the equation can determine only n1 for given n1+ � >  and there 
is no other equation that can determine nr+ 1 •  Neher restricts his analysis to steady 
state. A steady state of an economy is a situation when all per capita variables are 
constant over time. Let N1 be the total population in period t. It is apparent that in a 
steady state 

L - L* d I - I - * d 
Ll -

p 
1 - an c1 - c1+1 - c an - -

N, I + p + pq 

for all t :2: 0. The steady-state consumption is thus given by 

F(L*) F(L*)L* F(L*) p 
c* = --= = 

N* L* N* L* I + p+ pq 
(3.39) 

Let us denote a steady-state competitive equilibrium solution with a tilde. It can be 
shown that the steady-state equilibrium is given by 

F' ( L*) = 
(a + f3p)c* 

f3p 
(3.40) 

The size of the adult population i * that yields the maximum possible consumption in 
the steady state is said to be golden rule of fertility. From Eq. (3.39) it follows that c* 
is maximized when average product is maximized. Let us denote the golden rule con­
sumption as c * .  Given the nature of production function, average product is maxi­
mized when the average product is equal to the marginal product of labor. Thus 
golden rule i * satisfies 

F' (L*) = F(L*) = 
l + p + pq

. 
L * p 

(3.4 1 ) 

It is easy to note that the golden rule of fertility and the competitive equilibrium level 
of fertility in the steady state are both given by n* = n *  = lip. Thus higher infant 
mortality leads to higher fertility in the steady-state in this model. 

Let us adopt the golden rule as our optimality criterion as did Neher. Comparing 
Eqs. (3.40) and (3.4 1 ), it is obvious that the steady-state competitive equilibrium results 
in: 
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[ ovcr ] [<] 
optimal population according as 

a ;:p = 1 + p
p
+ pq 

. 
under > 
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(3 .42) 

Since the agents cannot fully internalize the consequences of their decisions, their 
decisions are not socially optimal. Let us take an extreme case by assuming that the 
agents do not discount their future util ities, i.e., a = fJ = I ;  then from Eq. (3.4 1 )  it is 
clear that competitive equilibrium always results in overpopulation. The same result is 
true when agents discount future util ities very little, i .e., for fJ close to one and a = I .  
In fact, given mortality rates, there exists fJ• < I such that the competitive equilibrium 
will result in overpopulation for all fJ. < fJ :::; I .  

Equal-sharing ethics implicitly assumes that all household members l ive in a com­
mune and do not try to break out of the sharing principle. If we further assume that an 
agent can inherit a share of the family land only if he or she stays in the household, 
and that there are no other assets that can transfer consumption from working age to 
old-age, it is reasonable to assume the equal sharing principle. However, if there are 
other assets such as physical capital, gold or paper money, then some agents may be 
better off by breaking out of the joint family transfer arrangements and instead of de­
pending on their children for an old-age pension, they might prefer to accumulate 
other assets for old-age support. 

We do observe that household members leave their families and move to cities for 
better opportunities and yet send remittances to their old parents. Even if they stay in 
the rural areas, we observe that joint family structure often breaks down and new at­
omistic household units are formed, and yet children continue to transfer income to 
their old parents. Some of these limitations, which Neher ( 1 97 1 )  also pointed out, 
have been rectified in recent growth models based on old-age security hypothesis. For 
instance, Willis ( 1 98 1 )  replaces the equal sharing assumption in Neher's framework 
with the assumption that adult children transfer a fixed amount of income to their old 
parents. This is more realistic and does not presume that parents live with their chil­
dren to get this old-age support. However, the determination of the amount of transfer 
remains unspecified. Willis does not have capital accumulation in his model. Raut 
( 1 985, 1 99 1 ,  1 992a) and Ben tal ( 1 989) allow accumulation of physical assets. While 
Bental assumes perfect capital markets, Raut assumes imperfection in the capital mar­
kets and studies the effect of making capital markets perfect and also examines the 
long-run effects on population growth, capital accumulation and income distribution 
of various policies (Raut 1 99 1 ,  1 992a). In the next subsection, we review a framework 
with imperfect capital markets and study the dynamic consequences of old-age secu­
rity motives for children and then study the effects of various macro-economic policies. 

3.4. 1.2. Imperfect capital markets and old-age security hypothesis 
Consider a model of overlapping generations in which a member of each genera-
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tion lives for three periods, the first of which is spent as a child in the parents' house­
hold. The second period is spent as a young person working, having and raising chil­
dren, as well as accumulating capital. The third and last period of life is spent as an 
old person in retirement living off support received from each of one's offspring and 
from the sale of accumulated capital. All members of each generation are identical in 
their preferences defined over their consumption in their working and retired periods. 
Thus, in this model the only reason that an individual would want to have a child is 
the old-age support that the child will provide during the parent's retired years. 

Assume that technology is characterized by a constant-returns-to-scale production 
function Y,= Z1F(K1, L1) which uses capital K1 and labor L, to produce output Y1 in pe­
riod t, t ;::: 0, Z1 is the level of Hicks-neutral total factor productivity in period t. For the 
moment we assume that Z1 = I for all t ;::: 0. We adopt the convention that the producer 
borrows from the households K, amount of the (t - I )th period aggregate good and 
promises to pay ( I  + r1)K1 amount of the tth period aggregate good. Each adult of pe­
riod t supplies one unit of labor. We also assume for simplicity that capital depreciates 
in one generation. Denote the average product of labor by f(k) = F(k, I ) . Assume per­
fect competition in all markets. Profit maximization by producers yields 

(3 .43) 

I +  rr+ 1  = j '(kt+1 ) .  (3 .44) 

Formally, a typical individual of the generation which is young in period t has n1 
children, consumes c; and c;+J in periods t and t + I ,  and saves s1 in period t. The par­
ent supplies one unit of labor for wage employment. The individual income from 
wage labor while young in period t is w1 and that is the only income in that period. A 
proportion a, of this wage income is given to parents as old-age support. We assume 
for now that a, is exogenously given. Later we consider mechanisms determining at. 
While old in period t + I ,  the parent sells accumulated saving to firms and receives 
from each of the parent's offspring the proportion at+ 1 of his/her wage income. The 
parent enjoys a utility U(c; , c;+l ) from consumption. Thus the parent's choice problem 
can be stated as 

max U(c: , c;+l ) 
s,,n,>O (3.45) 

subject to 

c: + () 1nt + s1 = (1 - a1 )w1 , 

c;+l = (1 + 'i+t )s, + at+ I wr+1n, , 
(3.46) 
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where (), is the output cost of rearing a child while young, I + r,+ 1 is the rate of inter­
est between period t and t + 1 and w, is the competitive wage rate in period t. 

Note that, in equilibrium, the private rates of returns from investing in children and 
physical capital must be equal in order to rule out arbitrage, which implies that 

(3.47) 

Substituting Eqs. (3.43) and (3 .44) in Eq. (3.47), we obtain an implicit relation 
among k, + 1 ,  e, and a, + 1 •  It can be shown that under standard neoclassical assumptions 
on the production function, we can solve this implicit function uniquely to obtain 
k,+1  = IJf(() 1 Ja,+1 ) . Since it is assumed that capital depreciates fully in one generation, 
k, + 1 = s/n, and the budget constraints Eq. (3.43) and Eq. (3.44) become respectively 

c: = (1 - a, )w, - s, (3.43') 

and 

c:+l = (I +  'i+l )S, , (3.44') 

where S, = [0, + IJf(O/a, )]n, .  S, may be thought of as total savings. Denote the solu­
tion of this utility maximization problem by S, = H(w, I +  'i+ l ). We can now express 
the solutions for n, and s, as 

and (3 .48) 

Child rearing involves parents' time which we specify by assuming that e, = () + 
'YJWr where 'YJ > 0 is the fraction of parents' time spent in rearing each child. We sim­
plify by assuming that a, =  a for all generations. From Eq. (3.47), we have 

w(kt+ 1 ) _ () + 'YJW(k, )  

f'(kr+1 ) a (3.49) 

where w(k) =ftk) - kf'(k). Under the assumption thatj(k) is strictly concave and satis­
fies the Inada condition, it can be shown that the left-hand side of Eq. (3.49) is a 
strictly increasing function of k1 + 1 which goes to zero when k, + 1 tends to zero and 
goes to infinity as k1 + 1 tends to infinity. Hence for given k, there exists a unique k, + I >  
which leads to a first-order nonlinear difference equation 

kt+l = (/J(k, ) .  (3.50) 
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Eq. (3.50) determines the dynamics of the economy, for once we know the series k1, 
we know the series r1 and w, from Eqs. (3.43) and (3 .44) and the series n1 and s1 from 
Eq. (3.48). Since this is  a first-order difference equation, using well-known techniques 
(Devaney, 1 989), the global dynamics of this system may be analyzed. Applying the 
implicit function theorem to Eq. (3.49), it can be easily shown that 

dkt+I = Tjk,f"(k1 )[J'(k,+l )f > O. 
dk, af(k,+I )f" (k,+I ) 

Thus a positive shock in the capital-labor ratio and hence in the per capita income in 
period t will have positive effects on the capital-labor ratios and per capita incomes in 
all future periods. Furthermore, a higher child rearing cost, 0,, in period t or a lower 
transfer from children, a,, results in a higher capital-labor ratio and thus per capita 
income in the next period. 

In general we do not know how k,, s1 and n, behave over time. It is, however, inter­
esting to note that if 'YJ = 0 we can see immediately from the above that k, will jump to 
steady state in period t = 1 .  The dynamic properties of these variables, assuming Cobb­
Douglas utility and production function, are considered in the following example. 

Example 

Assume that utility and production functions are of Cobb-Douglas form: 

U(c: , c:+I ) = a  log e: +(1 - a) log c:+l •  0 < a  <1, 
f(k)= ka, O < a < l. 
Eq. (3.49) simplifies to 

ae arJ a kt+l = +-k, . a(l-a) a (3.5 1 )  

From the above it easily follows that f/J(k,) is an increasing concave function and 
for large k,, f/J(k,) < k,. Thus the capital-labor ratio will behave exactly as in the 
Solow-Swan growth model : there exists a unique globally stable steady-state capi­
tal-labor ratio, k* > 0. Moreover, it can be easily shown that 

ak* ak* -- > 0 - > 0 ae , aa , 

and that 

n, = [( 1-a){l- a)(l-a)a][ w(k1) ] · 
a(l-a) + a  0 + rJw(k1 )  (3.52) 
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Since s, = f/J(k1)n1 note that once the dynamic path for k, is known, we can deter­
mine the dynamic paths of n1 and s1• Moreover, it can be easily shown that 
dn/dk1 > 0. It follows that if k0 < k*, then both k1, n1, and s1 will be growing over 
time and in the long-run they converge to their respective steady-state values. 
In Eq. (2.7) of the Solow-Swan model and Eq. (2. 1 6') of Niehans' model the 

specifications of the n(k) function were arbitrary and did not help us very much in 
simplifying the dynamics of the underlying economies. The form in Eq. (3.52) is, 
however, the result of optimizing individual behavior in the aggregate economy and 
this form of n(k) leads to simpler dynamics of the underlying economy. 

Raut ( 1 985, 1 99 1 )  uses a more general formulation of the above basic framework 
in which parents simultaneously choose savings in physical capital, number of chil­
dren, and investment in their skills. In this model, investment in human capital of 
children is motivated by old-age transfers as contrasted with the altruistic motives for 
such investments which we considered earlier. Under certain assumptions it is shown 
that in general equilibrium the low-skill parents tend to have larger number of low­
skill children and no savings in physical capital. Lower-skilled workers earn lower 
wages in general equilibrium. At the aggregate level this provides different explana­
tion for the commonly observed negative relationship between quality and number of 
children and that between income and number of children of households. 

One of the implications of the old-age security hypothesis is that when a publicly 
funded pay-as-you-go social security program is introduced in an economy with im­
perfect capital markets, fertil ity will decline. Nerlove et al . ( 1 987: Ch. 9), on the other 
hand, show in a two-period model of old-age security without a capital market that, if 
parents care about the welfare of their children, then introduction of capital markets 
may increase the general equilibrium fertility rate due to an income effect strong 
enough to outweigh the substitution effect. 

There have been a number of empirical attempts to examine the effect of introduc­
ing publicly provided social security on fertil ity levels. Although many of these stud­
ies suffer from lack of appropriate data to test such an hypothesis, general consensus is 
there are negative effects on fertility (for a summary, see Nugent ( 1 985), Raut ( 1 99 1 )) .  
The literature on the US and other developed countries focuses mainly on the effect of 
social security on savings and ambiguous effects have been found. Very l ittle empiri­
cal evidence is available on the joint effect of social security on fertility and savings, 
and on the welfare of different generations. The above framework and its extension 
have been used to study the long-run effects on income distribution, population and 
income growth rates of various income redistribution policies such as lump-sum tax 
transfers, subsidies to human capital of children of unskilled parents, introduction of a 
pay-as-you-go social security program, and making the capital markets more perfect; 
see Raut ( 1 99 1 ). 

The main policy conclusions which emerge from the aforementioned studies are 
that the dynamic effects of introducing a pay-as-you-go social security program, 
within the framework described, are that both fertility and saving will decline in the 



1 1 68 M. Nerlove, L.K. Raut 

short run and long run, and furthermore, if the percentage of voluntary old-age trans­
fers, a, is smaller than a threshold level, then introduction of such a social security 
program is welfare-enhancing for all agents in the present and all future generations. 
Similar conclusions are reached by Bental ( 1989) and, in a framework with parental 
altruism, by Nishimura and Raut ( 1 992). Furthermore, income transfers to reduce in­
tra-generational income inequality cause higher income gaps for the children in sub­
sequent generations; if such a redistributive scheme persists over time, then the econ­
omy will end up with higher population growth, and a lower rate of capital accumula­
tion in the long run. On the other hand, subsidies to the unskilled parents for the pur­
pose of investing in their children's skills, or introduction of a social security program 
will lead to slower population growth, Jesser income inequality and a higher rate of 
capital accumulation and intergenerational social mobility. 

In the Malthus-Boserup model of Section 2, we introduced a third factor of pro­
duction, technological knowledge, together with labor and capital. Because our speci­
fications were at the aggregate level, we could not reduce below two the dimension of 
the underlying dynamic system of the economy. Optimizing models can sometimes 
simplify the study of dynamics by reducing the model to a lower dimension. Raut and 
Srinivasan ( 1994) use the basic framework of this section and assume that as a result 
of conglomeration and congestion effects of population density on productivity level, 
population size affects Z1; however, this effect is treated as Marshallian externality by 
the individual optimizing agents. They find that the cost of child rearing, 0,, and the 
nature of dependence of Z1 on L1, determine the dynamics of the competitive equilib­
rium path. For instance, when the child rearing cost is constant, i.e., 1J = 0, or when 
cost involves only the time cost, i.e., 0 = 0, the dynamics of the economy reduce to 
one dimension. The nonlinear dynamics of the model nonetheless generate a plethora 
of outcomes (depending on the functional forms, parameters and initial conditions); 
these include not only the neoclassical steady state with exponential growth of popu­
lation with constant per capita income and consumption, but also growth paths which 
do not converge to a steady state and are even chaotic. Exponential, and even super­
exponential growth of per capita output are possible in some cases. 

3.5. Two-sided altruism and transfers from children to parents 

So far we have assumed that the inter vivos transfers from children to parents are ex­
ogenously given or that children simply "tithe" for reasons of custom to support their 
aged parents. Recently attempts have been made to motivate transfers from children to 
parents as utility maximizing behavior and how it interacts with fertility and savings 
decisions (see Srinivasan, 1 988; Cigno, 1 99 1 ;  Nishimura and Zhang, 1 992; Raut, 
1 992b). In the basic overlapping-generations framework of this section, Nishimura 
and Zhang and Srinivasan assume that agents care not only for their own life-cycle 
consumption but also for their parents' old-age consumption. It is argued in Raut 
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( 1 992b) that while this framework provides a motivation for children to transfer part 
of their incomes to their parents as old-age support, the theory of fertility choice based 
on such utility functions is incomplete since parents will have no motive to have chil­
dren, if for example there is a social security program which transfers the amount that 
the children were voluntarily transferring to their parents. 

In contrast to Becker and Barro and Becker et al . ,  discussed above, assume that all 
transfers from parents to children are inter vivos transfers in the first period of l ife 
designed to augment the child's consumption in youth. We begin with a simpler model 
where all transfers from adults to their aged parents are also inter vivos, solely for the 
purpose of augmenting the old people's consumption. We allow savings for retirement 
during productive years. All children born are assumed to survive. We also assume, 
more restrictively, that the young adult applies the same utility function to the con­
sumption of his/her offspring, his/her aged parent and himself/herself. That is, we as­
sume that there is no difference in the util ity of consumption when young or old. 
Then, if u(c), u' > 0, u" < 0, is the utility attached to consumption at level c by anyone 
in any period of l ife, the aggregate utility of an individual of generation t is 

(3 .53 )  

An adult of period t earns wage income w1 i n  the labor market and expects to re­
ceive a bequest b1 � 0 from his/her parents. These two sources of income constitute 
his/her budget during adulthood. Rearing cost per child in period t is 01 > 0 units of the 
period t good. Given his/her adulthood budget, he/she decides the amount of savings 
s1 � 0, the number of children n1 � 0, the fraction of income to be transferred to his/her 
old parents a1 2: 0; in the next period, he/she retires and expects to receive a,+ 1 n,w,+ 1 
amount of gifts from his/her children, earns ( 1 + r1 + 1 )s1 as return from his/her physical 
assets, and decides the amount of bequest b1+ 1 � 0 to leave for each of his/her chil­
dren. Moreover, agent t's tth period decisions, (a1, n1, s1), overlap with his/her parent's 
bequest decision, b1; similarly, his/her bequest decision, b,+ " overlaps with the chil­
dren's gift decisions, a1+ 1 •  The effects of agent t's action, a1 = (a,, n,, s1, b,+ 1 )  on the 
levels of his/her own l ife-cycle consumption and the levels of consumption of his/her 
parents and children in the periods that overlap with his/her life cycle, depend on 
his/her parent's action, a1- 1 , and his/her children's action, a1+ 1, as fol lows: 

(3.54) 

(3.55) 

(3.56) 

(3 .57 ) 
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Most authors use open-loop Nash equilibrium to characterize equilibrium choices 
in the above framework (see Fudenberg and Tirole ( 1 99 1 )  for all the game theoretic 
concepts used in this section). Note that there may exist various types of Nash 
equilibria. In one type, intergenerational transfers may be from children to parents in 
all periods; refer to such an equilibrium as "gift" equilibrium. In another type, the 
transfers may be from parents to children in all periods; refer to such an equilibrium as 
a "bequest" equilibrium. There may be other types of equilibria in which transfers are 
from children to parents in one period and from parents to children in other periods. 
As has been pointed out in Raut ( 1 992b), the set of Nash equilibria is in general inde­
terminate for a given economy; however, steady-state equilibria are always determi­
nate, although they may be multiple. 

There are examples of economies in which there exist only two equilibria, one with 
zero savings and the other with positive savings. At both equilibria, the transfers are 
from children to parents. Furthermore, the equilibrium with positive savings is charac­
terized by lower levels of fertility, transfers from children and welfare levels than the 
equilibrium with a zero savings rate. 

Since there are multiple Nash equilibria, agents have no clue a priori which of the 
two equilibria will materialize; this brings a difficult problem of coordinating agents' 
expectations and thus renders a serious weakness of rational expectations to explain 
observed behavior. 

Open-loop Nash equilibria have serious deficiencies in characterizing adequately 
the incentives of, and describing the behavior of, economic agents. More specifically, 
an open-loop Nash equilibrium assumes that each agent takes the actions of other 
agents as given. At such an equilibrium there may be scope for agents to manipulate 
their children's behavior to extract more transfers from them. For instance, since par­
ents make their consumption and fertility decisions prior to their children's, parents 
may find it strategically advantageous to consume more when adult and save little so 
that they can extract maximum transfers from their children. In addition, the Nash 
equilibrium concept does not deal with agents' behavior out of equilibrium. Raut 
( 1992b) argues that a sequential game framework and the use of subgame perfection 
are most appropriate in this context because subgame-perfect equilibrium takes into 
account behavior or reactions of agents out of equilibrium. Azariadis and Drazen 
( 1 993) suggest an alternative nonsequential bargaining framework. 

The framework presented here is useful in explaining why transfers from children 
to parents are observed in many economies, and why the amount of transfers declines 
with the introduction of public-transfer policies; why a pay-as-you-go social security 
program exists, and whether it is possible for the current living generations to legislate 
a pay-as-you-go social security benefit scheme for the current and all future genera­
tions such that the policy is time-consistent, i.e., the future generations will have no 
incentives to amend it;  and whether such programs lead to Pareto optimality. This 
framework is also useful for investigation of the strategic aspects of bequests in the 
form of health, nutrition and education as well as physical capital ; if followed through, 
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the resulting theory could be integrated into a general equilibrium framework to exam­
ine what effects there may be on the pattern of the demographic transition, and eco­
nomic growth. 

4. Concluding remarks 

Our aim in developing growth models with endogenous population is principally to 
explain why, as income grows, both birth and death rates fall, and stocks of both hu­
man and physical capital per capita increase over time. If multiple stationary paths 
exist, under what conditions does the economy approach one with a low rate of popu­
lation growth, and high levels of capital per capita and well-being, and under what the 
opposite? At present, the state of our knowledge is far from complete. 

Review of existing neoclassical growth models with endogenous, but unspecified, 
population growth, suggests a wide variety of possibilities: multiple equilibria, some 
of which may be stable and others unstable, characterized by large populations with 
low per capita incomes or by small populations with high per capita income. Without 
knowing how population change is related to the stocks of capital, the level of popu­
lation and other state variables of the economy, however, there is little to distinguish 
which path may be followed. In a market economy, parents choose freely how many 
children to have, how much to invest in them in the form of health, nutrition and edu­
cation, and how much to bequeath to them in the form of claims to physical capital . 
Rates of return to different forms of investment, taxes and subsidies, and incomes all 
constrain parents' choices which are made in order to maximize their utilities which 
depend on their preferences for children and consumption in various periods of life 
and on their concern for the future well-being of their offspring. The problem is thus 
to relate the relevant rates of return to family decisions, on the one hand, and to the 
stocks and other state variables of the economy, on the other. Thus, the interaction of 
household and economy, acting through rates of return and constrained by production 
technology and by taxes and subsidies, determines which path the economic­
demographic system will follow. 

Our survey of recent developments in the literature of the "new home economics" 
reveals various bits and pieces of the complete model we seek. Becker and Lewis have 
shown us how the quality and quantity of children interact to allow the possibility of a 
negative income elasticity for child numbers even though children, in a more general 
sense, are a normal good. Such an outcome, however, depends on the elasticity of 
substitution between numbers and quality in parents' preferences being sufficiently 
high. The plausibility or implausibility of this being the case depends on how quality 
is interpreted and on a more precise specification of why children are valued by par­
ents. 

In attempting to account for a large and increasing proportion of bequests in the 
form of human capital as well as declining fertility over time, Becker and Barro and 
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co-workers focus on parental altruism. Their analysis falls short, however, in failing to 
account for how parental expectations about, and perceptions of, their children's fu­
ture welfare are determined. Their assumption of perfect foresight is implausible for 
an economy out of equilibrium. And, in order to resolve the question of what path the 
economy will follow and to which of several possible equilibria from any given initial 
conditions, it is necessary to characterize out-of-equilibrium behavior. 

Next, we turn to recent work of Neher, Willis, and Sah, extended by Dalko, which 
deals with parents' motivations for having surviving children. The principal conclu­
sion of this analysis is to demonstrate under what conditions improvements in survival 
probability will result in lower fertility and how parents might trade off investments to 
enhance survival probabilities of children for numbers. The possibility that a small 
exogenous change in child and infant mortality might set off a cumulative process of 
declining mortality and fertility is revealed. 

Finally, recent work of Raut and others dealing with the old-age security motive for 
having children is discussed. The focus in this work is to examine what effects the 
public policies such as introduction of social security, improvement of capital markets, 
subsidization of poor's education and lump-sum tax transfers from rich to the poor 
have on population growth, income inequality and income growth both in the short 
run and long run. While endogenous determination of transfers from children to par­
ents and from parents to children by introducing two-sided altruism within a sequen­
tial framework with subgame perfection as an equilibrium concept is useful for ana­
lyzing the incentives that agents face while deciding the number of children and the 
amount of transfers to children and parents, for analyzing the way in which capital 
markets and the social provision of old-age security interact with fertility decisions, 
and also for analyzing out-of-equilibrium behavior, the exercise is often technically 
insurmountable. Further research along these lines is needed. 

In general, accumulating stocks of human and physical capital and of population 
might be expected ceteris paribus to reduce the respective rates of return, as well as to 
equalize them, and thus to reduce incentives to invest in these forms of capital, to have 
children, and to slow the rates of growth of per capita incomes. We do not, at this 
stage, know whether initial conditions matter, to what extent different societies would 
be driven to a common or to different equilibria, or whether stable equilibria are likely 
to be characterized by high levels of well-being and low rates of population growth or 
the opposite. Answers to these questions remain to be discovered in future research by 
us or by our readers. 
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